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Abstract

Checking desirable specifications of software are important. If it checks actual implemen-
tations, much better.

In this papaer, We propose two verification methods using meta computations which
save original implementations. On the hand method verify specification by enumerate
possible states on programs. We checked red-black tree specification using our meta
computation library named Akasha, which override program executions exhaustively.

On the other hand method veriy programs with proofs. Proposition and proofs have
isomorphic relation to typed A calculus by Curry-Howard Isomorphism. We define the
CbC type system with subtype for proving CbC itself. Dependent-typed language Agda
proves properties of translated CbC programs using proposed subtype definition.
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FZ L., TN 5 CodeSegment IZL>TEHL TW Z T I L0EfFE%%5, CbC
DIFERIZIE llvin/clang 1T & 5523 [8] & gee [9] 1T K BFEE LR EVNFHET 5,

2.1 CodeSegment £ DataSegment

AMBETIIMGEEZ TRV T WIS T LADHALE LT CodeSegment & DataSeg-
ment WS T5 7T IVIARANEREL TN D,

CodeSegment IJMID B TH B, ANZEZITID, TUTH U T ZITR > 7218
21247725, £72. CodeSegment 1ZfhdD CodeSegment & flAELE S Z & W AEE
TH b, H5 CodeSegment A % CodeSegment B I[Z##i L7256, A OHJ1IE B DA
J1&:% (K 2.1),

DataSegment & CodeSegment 23> 7 — X DHEALTH O, WHIZBE LT — X D34
TA>TW53, CodeSegment D AJ] &7 % DataSegment (& Input DataSegment & FE(E
. 71 Output DataSegment L IFEIX# 5, CodeSegment A & CodeSegment B % #
5t U72E, A @ Output DataSegment I& B @ AJJ Input DataSegment & 725,

CodeSAegment DataSegment CodeSggment

2.1: CodeSegment & DataSegement
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2.2 Continuation based C (251} % CodeSegment &
DataSegment

BB EARWL CbC DY —Aa— N2 YA N2.11Z, V—AIa— NPEFINEFNEK
2.2 1279, Continuation based C 1251} 5 CodeSegment WOR D %2 Fr 7272 WL L
THRIINB, CodeSegment ZEFHET 57-0121F, C SEDOHEZERT HMXDIKRD
EDORER3IZ __code ¥F—7 — FZ2{EET %, Input DataSegment (ZBIDF[# & L TE
#£2IN5, IRD CodeSegment ~NULH %59 BRIZIE goto F— 7 — FD#RIT CodeSegment
% & Input DataSegment ZfEET 5, WHOBE 2 REMGE LTV, VAN 2.1 HD
goto csl(a+b); MINIZH7=5, ZDHED (a+b) MIXD CodeSegment TdH B csl D
Input DataSegment & 725 cs0 @ Output DataSegment TdH 5,

) A b 2.1: CodeSegment D& ki

__code cs0(int a, int b){
goto csi(a+b);

_code cs1(int ¢){
goto cs2(c);

goto cs1(a+b) goto cs2(c)

2.2: CodeSegment D& ki

Scheme 72 £ D call/cc &\ o 7zfkfEiE by TV XU S BfEE TOMEZEREE LT
RET 5, BERECIIEBOIETHLULAZ Yy 7 ORETH S, CbC OREMRGIXIFEO
H U RE Rz Wed, ARy 72 BERELRP SN ZHIT TV, Xo>T, VA
~ 2 1 DO70T T LTI es0 225 esl NEMRHE L 72212 cs0 NRD Z L IXTERY,

S UHHER CbC DY —Aa— &V RN 2212, FEFENRNER2.31TRT,
\_0)‘/ Ad— N IXBBDOEREZ KD B T0 75 L ThHb, CodeSegment factorial) Tl
H 7 B S~ OHRN ik 2 OV TREZEEL TW5, BEkRH IZBEBITFOH L o
AR ZIFFHE LRV, EHEFROME% DataSegment THfD Z & THIFEZ &LV — 7L
HETHRSZEeNTE S,
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VAN 2.2 fgEE KOS CbC 707 7 L

__code print_factorial(int prod)

printf("factorial = %d\n", prod);
exit (0);
}

__code factorialO(int prod, int x)
{
if (x>=1) {
goto factorialO(prod*x, x-1);
} else {
goto print_factorial(prod);

3

__code factorial(int x)
{
goto factorialO(1l, x);

int main(int argc, char **argv)
{
int 1i;
i = atoi(argv[1]);

goto factorial(i);

3

goto factorial0

goto factorial0

factorial
0

print_
factorial

goto print_factorial

& 2.3: fEFEEZKDZ CbC T T A
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2.3 MetaCodeSegment ¥ MetaDataSegment

7077 L& T HEE. ARITRNTZWEHREOMIZ £ FlE U722 IR 5 0 A
FIET B, AEVDOEHP XY MUY= =5 =2 R 2RI A0
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T4 77V O0SHPRIETEZ LT, 2—FE /) =NV VRNV OFEDRERIZEFT 2
ZEWTED, Fiz, /—=NULNVD TS T LIBERAXGEEBNT S Z LT,
WHEL > %y N — R 258707 7 MIIEETE 35, 612, /=<)L AR
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%, BIZIE, WHLED A ZEHEAW 7075 L2 ERT B, CPU T % 17
%5 A X L GPU TUiFLEE A REHEZERBHZIS U TIEK S 5 2 L 3T & 5,

B, AXREHEETT7 S CodeSegment X Meta CodeSegment & FEUN, A X GFHHEIZH
%72 DataSegment (¥ Meta DataSegment & FEZ, Meta CodeSegment 1% CodeSegment
DHIEIZ A XETHEZ L Z & TERIE I, Meta DataSegment 1% DataSegment % &€ |
LD DataSegment & UCTHEIBTEZ 5, o T, XAXFAEITAFDEEZED LK 5 IZ5HE
ZHLRT DB D7ZEEZO6NDS (K2.4),

Meta DataSegment

! |
------- - i ! B e
e “~. ' i 7 T~
- Meta N L Meta N
CodeSegment \ CodeSegment | DataSegment :r >«\\ CodeSegment ' CodeSegment
S P 1 S P
S~ - - : E S - -

! |

2.4: Meta CodeSegment & Meta DataSegment

2.4 Continuation based C {251} % X XEHEDH: Gear-
sOS

CbC ZFHWT A XERHZFEB L 72l& LT, GearsOS [10] DMFIET 5, GearsOS &
WMHNZ, FEMEE<EFETS 2L 2HBEELZ0S THH, <IF a7 CPUP GPUER
HTOFEENRE L TWD, BEOS DFKEF MBI DFEER T b T\,
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HEREARDND 5,

GearsOS TlZ CodeSegment & DataSegment (% %4 CodeGear & DataGear &
XN TWnwad, YIVF a7 CPUERBETIE CodeGear & CodeSegment (X[F—72735, GPU B
5iTld CodeGear 1Z1& OpenCL [12]/CUDA [13] (Z31F % kernel H & F1 5, kernel &
¥ GPU TEIFINSEHDOI L THYH, GPU LORAEVIZFHEI NZT — X FITH L
TWHNZFETE NS, @E GPU TT — X DU Z 1775 551

o T—REALVAEY NS GPU D AT Y ~Niigik

o HRIEHE T % [FIH CHERR

e kernel &EH) (GPU X €Y ED T —&IZxF L TSI ILEE)

o JLIHHE T % [FIH CHERR

o SIEFMRTHBT —X% GPU DRAEY DS AL VAT AHLX
o HRIEHE T % A CHERR

EWVWSEFIEPMKETH D, 2=V L -\ T — X DN EREZEHR LS 70
T IVITBERBREDNRD D, GearsOS Tld CPU/GPU TOMHAZ X XEH L LTa—¥
PHERTZEIZL D, CodeGear D3FEFT XD T /81 A% DataGear DALIEZ BT 5
WNHED IR T B,

GearsOS TH|fH T 5 Meta DataGear IZIZAFDE DR EE NS,

e DataGear ORI[EH
e DataGear Z1&iNd 5 A E Y DIER
e CodeGear D% HiE CodeGear DETKRA v & & DOXInEk

e CodeGear &M T % DataGear ~NDKRA >~ &

EBED GearsOS IZBIT 2 ATV EMZEL A XFHEHD Meta DataGear D& & Hl %
DA b 23129, Meta DataGear 1 Context & WD HZETOMERTERZ I N T WS,
WHE L)L D DataGear BFEEATER SN TWVWAB D, A XFHFEM M S5 /7~ DataGear 1
TNTNOMEROILAKE > TED, —FRITKZ S,
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) Z b 2.3: GearsOS 1281 % Meta DataGear D %€ F bl

/* Context definition */

#define ALLOCATE_SIZE 1024

enum Code {

Codel,
Code2,
Allocator,

};

enum UniqueData {
Allocate,
Tree,

};

struct Context {
int codelNum;
__code (**code) (struct Context *);
void* heap_start;
void* heap;
long dataSize;
int datalNum;
union Data **data;

};

union Data {
struct Tree {
union Data* root;
union Data* current;
union Data* prev;
int result;
} tree;
struct Node {
int key;
int value;
enum Color {
Red,
Black,
} color;
union Datax left;
union Data* right;
} node;
struct Allocate {
long size;
enum Code next;
} allocate;

};

DAN 23DV —A3—RIFLLTFO XS ZnLTW5,

e DataGear DHIIEH
DataGear (F#5EkZ HWTERT D (Y A b 2.3 27-4617), Tree X Node,
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cate FEERDY DataGear (ZFY4 3 5, X ZFHEIIEED DataGear #5720 LT
®D DataGear ZR A A2 HENH 5, £ TD DataGear DILFAKEZEEKT 5 Z & T,
DataGear % —fFIZHD T LW TE S (Y A b 2.326-4717), AT 2HEHRT 254
2 Z ORGP S V1 X2 PET B,

e DataGear Z &3 5 A €V DIEH

AT ) JHEB OB, FHENIZHEEE R L 725, BDEIZLOUTEOMEEZEH D 24T
52 THEBTSE, TD7=HIZ Context 1FE] D Y THADFEI heap &, #HD YT
7= DataGear D dataNum % fiD,

e CodeGear D4 i & CodeGear DR A > & L OXtInE

CodeGear D%£4Hij & CodeGear DEHEHR A > X DX aid enum & A1 > XIZ
Lo THHAINTWVWS, CodeGear DHHTIE enum (Y A b 2.3 5-99T) TEHES 4,
AV NRANVBIZITBEANEBEINS, Tu0 5 L2KTHHT % CodeGear X
code 7 4 =)V RIZIEMEINTE D, enum ZHWTT 7 AT 5, ZOxNKEH
MIZEHE T2 L2k, FARICHEBL —F o R 280 T 52 L BNAEEIC R S,

e CodeGear 28T % DataGear ~"DHRA » &

Meta CodeGear (& Context % B|#HUZHL% CodeGear & UTERINT WS, TD
7. Meta CodeGear %% DataGear Dff% {5 Z1Z 1% Context 7> DataGear %
oI nEZrdsd, WO HTHBENRD S DataGear 1 enum ZHWTEZRL (Y
A b 2.3 11-1417). CodeGear % F179 HBRIZ data 7+ =)L R HHUD Y,

Meta CodeGear |35 F& X 172 Meta DataGear Z WLH 3 % CodeGear TH D, AEV
EHPMFLEOREL HhHE LW o 72 UBIE Z D A X L AUz UL RNZRN,

GearsOS IZB W TR EME D A XFHE L U TEBEHINTWSE, H B CodeGear H*
H5IXD CodeGear ~ & #EEMHE 9 5 FRIZIE, IRIZFETI NS CodeGear DHHTZFRE T
%, TD#HT% Meta CodeGear DML, XItd 5 CodeGear ~ & JLHE % 5| Z 3 (Y
A b 3.7 D meta)s,

DA 2.4: @D CodeSegment D& ki

3%}

__code meta(struct Context* context, enum Code next) {
goto (context->code[next]) (context);

CodeGear & ZHTDXEIE Meta DataGear (ZAERIEI N TEHE D, KD OS D Process
% Thread IZM2 9 %, AHIOXNIGEZBINZEYIDEZX 7D Thread TEIZYIOEZX 5 Z
LIZED BELAAVDO TS T L EEFEETHEITE EEETES, ZHIEkD 0S ©
Dynamic Loading Libary ¥ Command OFE-OH UIZAY T 5,

A XFHE % H W2 Continuation based C DWREETFIE 9
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Tz, BELAND CodeGear %5 Meta DataGear Z#ETETCULE S &, 2 —¥N
ARV ARVEFEZHBIZEERTETLEW, AXFREEZDML BRI ES R>oTLUE
2, Iz 7Z0DIZ, CodeGear %479 BBEIX Meta DataGear 7 5 2272 DataGear
I EET, ZDXSIZ. Meta DataGear 75 DataGear ZHU D H 9™ Meta CodeGear
% stub &ML, stub OHfZE ) X b 2.51Z/mR T,

YA b 2.5 GearsOS (2817 % stub Meta CodeSegment

__code put(struct Context* context,
struct Treex tree,
struct Nodex root,
struct Allocate* allocate)

/x ... %/

{
b

__code put_stub(struct Context* context)

goto put(context,
&context->data[Tree] ->tree,
context->datal[Tree] ->tree.root,
&context—>data[Allocate]->allocate);

stub ¥ Context A3F#> DataGear DR A >~ X data {2 LT enum ZHWWTT 7k A
LTWd, B, BEEFAZVRLVDEIRE /) =<V LNV a 81 S finsy
R—=bFLTWARWZO, 518UZ Meta DataGear TdH % Context DEI N TWB DY, AE
/) =<V LR TIET ZR2ATER,

F 72, GearsOS 12172 A X5 L U T CodeGear DETIURENH 5, BHE L X)L
D CodeGear 2ZH T 5 &7, ZTDMEREMIETH2HDTH S, il %D CodeGear
DRk ZEMEET 2 Z 212k, K 0EEEDEWOS ZHIET,

A XFHE % H W2 Continuation based C DWREETFIE 10




3% AXFHBE T A 77V akasha 128
I % MREE

% 2 B TIX Continuation based C SFEDHEE & CbC TiElik T N7z GearsOS IZ2DWT
ARz, GearsOS OEDO XA XEHE L LT, ETNVHMENZL Y 72 —F T CodeGear DAt
bk Z MGEEL TWL

3.1 ETFIME

ETNVRELE. V7 b7 T7ORTOREBIZEWT DI N5 28T 5
DTHD, TOETIVREZITHRIV 7 MY 27 2 ETIVIRESR LR, ETIVITHRE
L, ERRDEZR MRV TE D, MAT, ERZHEZIBRVEETIZY 7 o2 T7HE
DEIWIREBTH - =K ZKT,

ETIVRELRIZIE Spin [1] ¥ CBMC [3] & EWMEET 5,

Spin 1% Promela & IEENB SFETET N ZGd L, ZOHIHwIEA L U TiEkk % Fdik
T 5, awfERIL assert TETIVONERIZHDIA F, WHNIZFETL THZ DOHBED -
INBEDEF Y VTS, £72, Promela Ttk EINZET LS CSiExERKT 52
EMTESD, LU, Promela TR EIN/ZETIIEILD C SEEE 1I0 7 B 5/
ZLTEO, 2—¥hiddd 28L&,

ZZT, ETNVEMEANCGERETICEEZDOEDEMRET ST 70 —F b5, #Hlx
TETNVRER CBMC 13 C 5% BEEMEETE 5, CBMC TH hkIGmEI A Tl X
., assert LHlAEDLE S, C SEOEFITEFEDOETLIIR LD, LEFETFL VI
TEITIND, Tu7 7L EOERFFHSE UTUHEIN, a < b Vo725 fRIT kD
DILIT DN D70 6, ZDRMZ R DIGE DR, KW ORI, L 2iL T
W< DTH 5,

GearsOS (2B 5 ETNMMEN LT 70 —F I CBMC DX D IZERESHEEZ2TDOE M
FECE B EDIZU72\0, ZTD7DIT, assert ZRHU 2O EFR L, TOMRAE, BELS
Ml ZERET AL ARGHARTEE TS, ZOAXGFEEAXREET A7) akasha
& LTHEEL,

A XFHE % H W2 Continuation based C DREETFIE 11



FiERoR A B R R (1B 1) H3% ARIETAT T akasha 125 BHAE

3.2 GearsOS (28I B IERIEREAR

BURD GearsOS IZFHEIEINTWB A XGHHE & U T, IEWIERERIVGFIET 5, JEMIE
HERKII—VVR TR 2R ETIRICHHATEIZ L 2BELTWE, AXFHBEELLTE
F#THILT, /=~ LRURSIIRDONT v A%EEETARNDODEIENTRZ B,

EB\%%ﬁt@:ﬁ%%ﬁ@—@?%b\ﬁ@ﬂiyx%mék®®%%tbf%

R PEROBZRE->TWVWS
63\}“‘??7&0)*# iu?‘t%é

o EDFHDMEITHDMEL /NI W
o HDFFHDMEITHDMEEL D KE W

Mz T, HRERBEDBEALNLREMEIILTFTDOEDTH B,

o %/ — NiZFEMrROMERD,

o L— N/ —FDOBIZETH B,

o /) —FNDOBITIRTH S,

o i/ —RF2DDR/—FE2TFLUTHED (Lo ThH/ — KAH< Z &iEfEW),

o L—b"NOER N/ — RADORKIZEFTFNDIE ) — FORFIEDR L/ —RTH
—ETHh5b,

Bl %2 BRI ORBEROFIZH 3.1I1ZRT, FFIORINTWEED, L—F/—FK
H%T%D\%/—F@EﬁbfwﬁwoMKT%%T&/—FA®ﬁ%K§iM6%

— FOEEIEET2TH 5,

fgﬁ@ﬁ’)%ﬁ:%mb\ SZBDIE5, TRZIV— N6l 72BRICERS BEWRKIT &
HEHEVREOE 2 fHIZNE S| EEERX D, ZOSWRZIT TR Z&idn] &
WIHEME V= IS FUADREBOR ) — NZEDHE M/ —RKTHERUL] THD
ZEeoEITS, BARKIZIE, BREREIZ TROADRE] TH O, mEREIT THE R
DEHIZH SR b, ZO5&MEE2EVWEZHEZMARE U, BRIFLTWL,
GearsOS TEEINTVWERERITIFHZIEMIERERTH D, —EHEEL - REE X
WX NBEBEZ L IZH UWAEENER I NS, JEEOME 2 M5 U-HEHE LT,

A XFHE % H W2 Continuation based C DMREETFIE 12



FRERR R P Be A X (1) %38 AXFETAT ) akasha 2B} BT

X 3.1: FREARDH]

Wi FEFTRED T — X DRAFEN D 5, FHUFREARZT Y 7T ITHFICER L Z5E, / —
N OMEIZETIEICERIEL 20, Bia L7035, L, By 227> TEHFLEZEE
R ARICHT 2L ELERKEL., 2RONMFIENR TS, ZOREIZN L
GearsOS TlE, &ALV v FIFWH 2177 5 BRIZIZIEBIEO R Z RIS 5 Z & TliFEIX
e, HOEFDFHETIROARET IV IV RBECEESHZ 52 & Tith & [\l
%, BARPNZIIROBIEZITIR 5 728&1FV— b D) — RZ5GIZ CAS TEEHZ, KL
RHIARZ FEAAAE L TUELZ FHE T 5, CAS(Check and Set) &1, 7 h I v I
E2ESHALSBETHO. O BRITERATOME L EHEOMEZIE T, CAS TEINE
BEHETOMA, REFEL TV AL L THNIFEA L TWIRW D ITEDEH IR L,
RIRDGEFMIIFBZIAADRD 572 L2 RTZOIHEOHEHP LB T 28/EOZ & T
bH5,

FEMIRAR BARDFEIL D EARWRHERIG X, ZH U2\ — FADIL— b J — K95 O
EETHHL, BHERBRIIHZBILV—F/ —NET5, ZOBRIZEEMTRDODN TRV
SIFEEFOAREEEGT S (H3.2), TNIF—ERMESINZAREEIIREI N NE VWD
JEREDOME 2 W= XA ) HHEOREILTH 5,

CbC ZFHWTHREARZEL T IROMEE UT, BBOIFECH LA Xy 7 B FEL R
WIENHB, CIZBITHEETIIRMOBERITFOE UIZ L o TRBWS A, £ 778
ZIE\0N, R ZRD 72D,/ — FIZEANDOZIR 2 {72850 ffAXHIFROBRIZMW -
R AR T DM END B, / — RBBADOSIE % FFDIEMIEAR G I3 L@ oA
PTRZIRNT-0, R E R T 2 AEEZME S, BEEOFRICIEAZ Yy Z72HW, A&y
27 1% Meta DataSegment (Zf£FF3 5,

TREARZ AT 5 DataSegment & Meta DataSegment DEFHEZ Y A b 3.1 1R, &
HEDEERIZH WS AKX Y 71 Meta DataSegment T#H % Context WD node_stack T
» 5, DataSegment 1Z5 / — NIFHZ D Node fi&Ak L, REARZIEMNT 5 Tree HiiE

A XFHE % H W2 Continuation based C DREETFIE 13
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fRER DAEIE REROAEIE

‘ U SABEZMERL

/—R6zA& LTEM

X 3.2: FEMEIRBARDiRE

K, AT ETEEFT O R K ZKINT 5 Traverse LKL EDH 5,

YA b 3.1: REARD DataSegment & Meta DataSegment

// DataSegments for Red-Black Tree
union Data {

© 00 O U W N~

W W W W W NDNDDNINDINNDNNINLNWHE = H 22
W= O © 00 T kW FE O OO0 O otk W= O

struct Comparable { // interface
enum Code compare;
union Datax data;

} compare;

struct Count {
enum Code next;
long 1i;

} count;

struct Tree {
enum Code next;
struct Node* root;
struct Node*x current;
struct Node*x deleted;
int result;

} tree;

struct Node {
// need to tree
enum Code next;
int key; // comparable data segment
int value;
struct Nodex left;
struct Nodex right;
// need to balancing
enum Color {

Red,
Black,

} color;

} node;

struct Allocate {
enum Code next;
long size;

} allocate;

A XFHE % H W2 Continuation based C DREETFIE
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// Meta DataSegment
struct Context {
enum Code next;
int codelNum;
__code (**xcode) (struct Contextx*);
void* heapStart;
void* heap;
long heapLimit;
int dataNum;
stack_ptr code_stack;
stack_ptr node_stack;
union Data **data;

};

Meta DataSegment % #JH#i{t.-9~% Meta CodeSegment initLLRBContext % ) A k 3.21Z
RY, 2D Meta CodeSegment TlE A €V FHIEDOMER, CodeSegment % & CodeSegment
DFERDIIGRDIER 7R E 272D, ATV HRIE T 0T LDOEERZ —EBDAEY
ZHER L, B —7 & LT heap 7 4 —)V FIZfRKTE 5, CodeSegment £ & CodeSegment
DFERE DXL, enum THREFE S N7z CodeSegment £ DIRT- N & CodeSegment DR
BRA VR ERATEILITL0ED, HlZIE Put DFERIL put_stub TH S, fHiZH
DataSegment O#HL (U A b 3.2 34-48) & 2 X v 7 DAL (V A b 3.2 50-51) 247725,

DA b 3.2: REARD Meta DataSegment DFJHA{LZ 17725 Meta CodeSegment

__code initLLRBContext(struct Context* context, int num) {
context->heapLimit = sizeof (union Data)*ALLOCATE_SIZE;
context->code = malloc(sizeof (__code*)*ALLOCATE_SIZE) ;
context->data = malloc(sizeof (union Datax)*ALLOCATE_SIZE);
context->heapStart = malloc(context->heapLimit);

context->codeNum = Exit;

context->code [Replace]
context->code[Insert]
context->code [Rotatel] rotatelLeft_stub;
context->code [RotateR] rotateRight_stub;
context->code[InsertCasel] = insertl_stub;
context->code[InsertCase?2] insert2_stub;
context->code[InsertCase3] insert3_stub;

replaceNode_stub;
insertNode_stub;

context->code[Codel] = codel_stub;
context->code[Code?2] = code2_stub;
context->code[Code3] = code3_stub;
context->code[Code4] = code4;
context—->code[Codeb5] = code5;
context—->code[Find] = find;
context—->code[Not_find] = not_find;
context->code [Code6] = codeb;
context->code [Put] = put_stub;

A XFHE % H W2 Continuation based C DREETFIE 15
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context->code[InsertCase4]
context->code[InsertCase4d_1]
context->code[InsertCase4d_2]
context->code[InsertCase5] insert5_stub;
context—->code[StackClear] stackClear_stub;
context->code[Exit] = exit_code;

insert4_stub;
insert4_1_stub;
insert4_2_stub;

context->heap = context->heapStart;

context->datal[Allocate] = context->heap;
context->heap += sizeof(struct Allocate);

context->data[Tree] = context->heap;
context->heap += sizeof(struct Tree);

context->data[Node] = context->heap;
context->heap += sizeof (struct Node);

context->dataNum = Node;

struct Treex tree = &context->datal[Tree] ->tree;
tree->root = 0;

tree->current
tree->deleted

0;
0;

stack_init(sizeof (struct Nodex), 100);
stack_init(sizeof (enum Code), 100);

context->node_stack
context->code_stack

EEROBRBEROEREIZHN SN T WS Meta CodeSegment D—l%Z Y A b+ 3.31Z/1R7,
Meta CodeSegment insertCase2 (FHFE % i A L7255 12X 5 Meta CodeSegment
D—=DTHH, B/ —NOEIZI o TUEELER S, £T. EHERT 27-DICRKEKE
FRLUTWARAR Y IO BOEHREZID 13, BOG»ERSITWHEZHKT L, XD
CodeSegment ~ & g #kfEd 5 (U A b 3.3 5-8), BIOTNRTHE%256I1XE o IT0H%E
%17 U T InsertCase3 N W EMGET 5, Z I T, RKERZHHTA72ODIZAX Y I
EEEBERAL T OREMGE 21T > TV, b, Meta CodeSegment TH Context
m & DataSegment % &R 5 MWHLIL stub IZ & > TiTRbN B (U A b 3.3 14-16),

YA 3.3 RERDFEEIZHWSNT WS Meta CodeSegment 4l

__code insertCase2(struct Context* context, struct Nodex current) {
struct Node* parent;
stack_pop(context->node_stack, &parent);

if (parent->color == Black) {
stack_pop(context->code_stack, &context->next);
goto meta(context, context->next);

}

stack_push(context->node_stack, &parent);
goto meta(context, InsertCase3);

A XFHE % H W2 Continuation based C DWREETFIE 16
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goto insertCase2(context, context->data[Tree]->tree.current);

14 | __code insert2_stub(struct Context* context) { \
|

3.3 XAXEHBE I A 77 akasha ZHWI=HRERKDERZLZD
MG

HREARDHEDERE L T OMER%EZ CbC T > TWL, HRRIZIZRBEAROR A G
ElZE 2TV ONRDEDNREZ5NE, HRERKIIHTLEMEDMLRE, ZDEEIZX -
THRIFEINDEREFRBERDIREZRTEUTFTDOLS L5,

o HALLET—RIIZTEALZ L
o HIRLZ=T —RIZIBHETE W &
o HAZEHLUZBIIEHFINLMENRZBINE Z &

o HMERITIRSTZHBDORIINT VAL TWVWEZ L

SIENENT BT S AR T 5, BIEZHAICREL, £ X5 RIHFE TER
ZIHALUTHRPNT VAT L L ZMREES S, MEEIZIXYWIEETHREL TWD A X
W74 77V akasha Z 5,

akasha TIXAERRIZF T D L DONE CbC DRMARNE U TEEI NS, BARMIZIX Meta
CodeSegment (ZEF U 7z assert DMIBRIZHY T 5, (ERRDAIE LT ITRZILV— 2 oil>
7B i ® RDWR IR S FLOVERREE D E 4 24512 E 51 L WS X2 EET S (VA b 3.4),

DA N 3.4 KOE SBT3 AR

void verifySpecification(struct Context* context, struct Tree* tree) {
assert (! (maxHeight (tree->root, 1) > 2*minHeight (tree->root, 1)));
return meta(context, Enumeratelnputs);

}

VAL 34 TREEBLMABRY T 0T AORDOETOREICK D IO 2HERT 5, X
Too RO SML7Z IR WG EITIFARRIC K T 2R Z )l L U THRINT 5,

FIIEE EMAMGEE U CEERZEARICEE L, ZOMAEREZHZ LIP3, &
2. MEEDOXNRE BB RERE, MEEICHEZ DataSegment % & & Meta DataSegment
ZEHET D (VAD35), T akasha DL )V THIHT 5 Meta DataSegment Td 5,
HRERABRIEZI-FNORE L AR VURUGETH B0, SHIEEDERKEDKREET 5 7=

A XFHE % H W2 Continuation based C DMREETFIE 17
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O, FRERAN ) —< NV eind, XoTakasha lZFAZXAZLVRN)VDFHELEEZS
N5,

akasha 73 5 DataSegment (£ 7 — X OFfi ANHZ A L2 72213 f# 5 Bk Y 2 b
Iterator & ZDHE IterElem. MGEIZ(E S HH % £FF 9 5 Akashalnfo, K% 7L F B
IZ{f 5 AkashaNode 7°H %,

YA N 3.5 MEEZ1T78 D 728 D Meta DataSegment

// Data Segment
union Data {
struct Tree { /* ... %/ } tree;
struct Node { /* ... */ } node;
/* for verification */
struct IterElem {
unsigned int val;
struct IterElem* next;
} iterElem;
struct Iterator {
struct Treex tree;
struct Iterator* previousDepth;
struct IterElem* head;
struct IterElem* last;
unsigned int iteratedValue;
unsigned long iteratedPointDataNum;
void* iteratedPointHeap;
} iterator;
struct AkashalInfo {
unsigned int minHeight;
unsigned int maxHeight;
struct AkashaNodex akashaNode;
} akashalnfo;
struct AkashaNode {
unsigned int height;
struct Nodex node;
struct AkashaNode* nextAkashaNode;
} akashaNode;
};

fRANER DA EIFITIZERRY A N 2HWZEIEBLRERE WS, OIS 5
HRE2RTRHOBERY A M EZER L. RITHAUZEREZREZASERY A 2 EHL
TWL, BRRY A MDPEIZ R P HAGDLEEZ —DHE LKA REL 25, §IZ
UM Z 7=, BTOHESDERY AN 2HELUTY A MDRFEHEZED D Z & TERLLMAL
bEEHFET 5,

ERRIZIFARDEEINEENZ DT, &S ZHFT 5 Meta CodeSegment DAHE L 725,
UAD 36 ICARDRBMNRERDOES ZHE T 5 Meta CodeSegment % 7/R9

AREWBTZODAZR Y Z7IZHHY T % AkshaNode Z W TR ZRFFL DD, &3 2Hf
BLTWB, AZXY IWRETHNIEETD ) — R2HER L 7D TIRD CodeSegment &
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DG 2 TR, ZTRIFNIESW-S>TWE ) — RDRETH AR L, B o ITEX
ZHEHLUCIRD ) — RZ2MERT 520N BREMGE TS, ETRITNEEHI 2 1P
ULCTEADFZ ARy ZIZEA, BHENLBREMRGEEZITRD,

AR 3.6: KOESHFEMNREDOE X 21T 5 Meta CodeSegment

__code getMinHeight_stub(struct Context* context) {
goto getMinHeight (context, &context->datal[Allocate]->allocate, &
context->data[AkashaInfo] ->akashalInfo);

3

__code getMinHeight(struct Context* context, struct Allocatex allocate,
struct Akashalnfox* akashalnfo) {
const struct AkashaNodex akashaNode = akashalnfo->akashaNode;

if (akashaNode == NULL) {
allocate->size = sizeof (struct AkashaNode);
allocator(context) ;
akashalInfo->akashaNode = (struct AkashaNodex*)context->datal
context->datalNum] ;

1 .

akashalnfo->akashaNode->height ;
context->data[Tree] ->tree.root;

akashaInfo->akashaNode->node

goto getMaxHeight_stub(context);

const struct Nodex node = akashalnfo->akashaNode->node;
if (node->left == NULL && node->right == NULL) {
if (akashaInfo->minHeight > akashaNode->height) {
akashalInfo->minHeight = akashaNode->height;
akashaInfo->akashaNode = akashaNode->nextAkashalNode;
goto getMinHeight_stub(context) ;

b

akashaInfo->akashaNode = akashalInfo->akashaNode->nextAkashaNode;

if (node->left != NULL) {
allocate->size = sizeof (struct AkashaNode);
allocator(context) ;
struct AkashaNodex left = (struct AkashaNodex)context->datal
context->datalNum] ;

left->height akashaNode->height+1;

left->node = node->left;
left->nextAkashaNode = akashaInfo->akashalNode;
akashaInfo->akashaNode = left;

b

if (node->right != NULL) {
allocate->size = sizeof (struct AkashaNode);
allocator(context) ;
struct AkashaNode* right = (struct AkashaNodex)context->datal

A XFHE % H W2 Continuation based C DREETFIE 19
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context->dataNum] ;
right->height
right->node
right->nextAkashaNode
akashaInfo->akashaNode

akashaNode->height+1;
node->right;
akashaInfo->akashaNode;
right;

+

goto getMinHeight_stub(context);

FRRICREmWEI Z2HEL, [ERRTHD Y A b 34D assert 2l ADEIZFEITT 5,
assert 1& CodeSegment DFEHZITIRD A RFHETH S meta # LHEESTHILITEDE
Wi 5,

meta (Y A b 3.3 D insertCase2 D & 5 I[TEEMEZ 1772 5 BRIZ CodeSegment 44 &
DataSegment Zf8E€ T 5HDTH D, MALZITRDLVETE D meta DFEHIE CodeSeg-
ment #4705 X RS 2 EZENDBEMGETH S (VAN 3.7),

YA 3.7 i@ D CodeSegment D ki

__code meta(struct Context* context, enum Code next) {
goto (context->code[next]) (context);

IN%E, BEEZ21T%S XD IZEEHT S Z & T insertCase2 & \W\Wo 7R EARDELED
I—RZ2BETEIERAMIEZITRD ZENTE S, MELEZITRWVAD SR EMkGE T
% meta [FVAF38DEIITERIND, HEEDMGEEL 71X PutAndGoToNextDepth D
BT b NS 720, BEIFHRINTVARY, 20 meta M7 D DIIMGEHIZ A E Y
DEHTH S, REOZ BT 2T 5BITREBEZ AT LD, STDREBIZE T T
B, TOARFEEHWZBREETIE, EREH 13 TOEEDIETHADEIZ
PRONi 723 N5 Z L 2 MR T E /2, T/, REROHPNERIZ KRR RN 7 2B U 72 B
WZIE R 2R U 7z,

DA 3.8 MEEZ1T72 5 CodeSegment D&k

__code meta(struct Context* context, enum Code next) {
struct Iterator* iter = &context->datal[lter]->iterator;

switch (context->prev) {
case GoToPreviousDepth:
if (iter->iteratedPointDataNum == 0) break;
if (iter->iteratedPointHeap == NULL) break;

unsigned int diff =(unsigned long)context->heap - (unsigned
long)iter->iteratedPointHeap;
memset (iter->iteratedPointHeap, 0, diff);
context->dataNum = iter->iteratedPointDataNum;
context->heap = iter->iteratedPointHeap;
break;
default:
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break;

switch (next) {
case PutAndGoToNextDepth: // with assert check

if (context->prev == GoToPreviousDepth) break;
if (iter->previousDepth == NULL) break;
iter->previousDepth->iteratedPointDataNum = context->dataNum;
iter->previousDepth->iteratedPointHeap = context->heap;
break;

default:
break;

b

context->prev = next,
goto (context->code[next]) (context);

3.4 TTFIILHMESZ CBMC & D

akasha DIENG L LT, CEFHEDAMRETIVF = v CBMC [?7] 2 HWTHREAR%E
BGEEL 7z, CBMC (& ANSI-C 23l 5 FEIT U, ERROBRE L 405 & 5 w738 — U i
WA EREES 5 —ILTh 5,

BB OOz A URBROY =23 = F2HWZWA, CbC DRESUTEEIZIE C
IR D 7-DIZEBPIRBETH S, BRI,
IZEHT 5 Z & TN C SEEICERT E 5,

CBMC 128 1F B2 Lk bool 283 N& U TElikd 5728, akasha & [FAERDLHRE F
DHHATES (VA 39, assert D true (2785 & S RET/NX — 2% CBMC W REAHT
LY, FOEGNREZ=—UREHlIE LTHODE NS,

code % void (I, goto % return

U A b 3.9: CBMC IZ&1F 5 EkkEdid

void verifySpecification(struct Context* context,
struct Treex tree) {
assert (! (maxHeight (tree->root, 1) >
2xminHeight (tree->root, 1)));
return meta(context, Enumeratelnputs);
}

fHEANEDEZ EF1Z1Z CBMC OBEEEIZFAE T 5 FEPEM 72{H nondet_int () % W7z
(U AN 3.10)s Z® nondet_int () BAEIZ int DFFH S DD WA & IFREMIZAE % HifF
THEBTH B, akasha TIXEROELZE D DMAELEZHWTHAIEOEZ LT &
U7zH, CBMC TIRERBE D727V XL AN E5 2 THA BT LT3,

) A b 3.10: CBMC 2B 3FAIHOEZ FIS
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void enumeratelnputs(struct Context* context,
struct Node* node) {
if (context->loopCount > LIMIT_OF_VERIFICATION_SIZE) {
return meta(context, Exit);
}

node->key nondet_int () ;
node->value node—>key;
context->next = VerifySpecification;

context->loopCount++;

return meta(context, Put);

CBMC TIFERDOAT Y 7872 C SEZFSET L. T OHPFHN TRz S
L0 EMERT B, FMEDBERHEOIRLZEIIRBASINTHEITINS, EARKIZITAEY
DHFTIROEAZITHRD ZLNTE S0, SHEOFREROMGETIX 411 B X TRIET 5 Z
EMTE, ZDA1LED D B DEFTNATIIRBAROMARRIXEICH-ZE NS, L.
ORI NEEIIFEA I N B L IXEERTH D, EREOREMRIET 5 Z &8 T
S PHERTE R, FERE, RERKICRENZR NS 2B U 72 B2 B RO K435 5 1
3. CBMC THA 2 HFAN TIEAREAROWEIIMEET & e o 72,

& o T, CBMC TIIMEET & 72 W #HiPH OMGEE % akasha TITR A5 Z & WERTE /=,
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FAE TLAREREMI AT A

3 ETIX CbC DETIVIREMMEEY 7ua—F & L T, akasha ZH\W7=GRDOEZKOFF
AREDHRROMGEZ 772572, LU, BRI 13D OFFAZMGEEL THREARDOHFA
MBITNTVRATHERMELDIS W,

ZZ T, CbC DMEZIVEEIZEREL, TOLETIHEHZIT RS 2 2F 272, CbC
DIOT T LEHHTEBIZEBL, FEDOEBOFHEAIIT U TEEEPHIETE 5 &
ST 5D TH B, AEHZITROBHL UTIHEH UL ZOMRRY AT LTH S,

4ETIFRY 2T AOME Y ChC DY AT A% BET S, /-, AN EFHW2E
BEDFEAAFIRIZ DOWTIE 5 =TT 5,

4.1 M AFLEIX

RIS ZATAed, StET A2 DT A2 2I2TTa T I 40D 2EOIREWZ 17720
RN LT 2D TH B [14] [15], H IOV L IX T 1T T L OFEiA
ATREZAR NP, SR U CRER QAR EDNY TR E 5, HIAIX, gee X clang &\ o723
VR T IZEBE B ICIEE S NI OB L IF O U RO AE D B A 7n B RFI2 2
g, ZOZEIIEBDZIT DO 2HPADADHEE TO IR EL T L -850
WAINCE, MAT, Bz ERT 2MEZ T 2EOHPHZ RE T & 2 720N
ER DAL % Bk LU X3\,

RIS AT LATITRADZ I TDE S DPEFEET B,

o LT —DiH

SCFHIHE ET RS BEBICEREEL CLE 572, HHREAN T CHREMN %
RESHE, TR IXDORERPEOLELG L LTEND,

o fIZAL

BUEKRBIE 70 75 LOHBIADBALIZE 05, BIZIXRED T — X HEITdd 2%
WA EY 2 =L, Ny T =YV 735 LNTE S,

e R¥aXyv itk
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B EY 2a— VO AHRTAZ LIz, s S L0OMBEOITIZRS, £
7z, BZa VXA IMEFIND-CIIREI NS 2O, HEIZERFTDOIEL WEHRZ
Rt %,

o BREOEARNE

BIZIERA VR E2BEERODLENVEIIAER) T2 22U, T—X2HET 5
aJREME AR a7 I IR LWL S IZTE S,

I IES 3

FHL %L, IR I A O Y A5 X Fortran 7?7 7 1281 5 &
EHOBEMRORXMNE 57z, BOEBAIZLD, V—AN 531 FH & b &HiE b
IN-a—-RELERTE S,

B 25 MZIE% K ODEBVFMAET 5, BOKRBEES T IS B OMRFRE, fBoM 4 e
PEET 5, BT BRI S ORI I RFEL, EORY AT L 2T S
DI EEDKFUKGFET S, HIZIE CEFETREEE X7%2 " HERT + ThETE 3
73, Haskell TIIMET 2 Z N TER, T Haskell 8 C E3EL 0 HEIE ALY 2
FTLAERHLTWADRSTH S, BRKIZIE Haskell 1ZGER I Z 230X, C
FEIXSRE AR U CHBRD BRI 2 K> T\ 5,

R ATLEREHETHI R TOTIIVIEENED LS LR ERONERD B Z
CIZHEN B,

4.2  HERY

BRI 2 (IMEDRL L BB DA THER I NS AT LD Z e ThHDE, LHLHMHEITE
HHIZET S, HIZIEY 7TV true 1 bool BLUIZJET A L. 10 I int BLIZJET 5,

7o, BBIMMEZE > TIEZ R TUELE 2 52 T 2R > CHEZRTR] — %
Ffo, #l% EIF5 & int 20> T int 2K B {IL int — int BUZET 5, B AT A4
WZBWTHP B IFINE D7 61X, B FrEDR 2 FFDEMAMEH I b Z & 13K
W, filE EIFB e, BEEE DY f(true) D &K DT bool BIDEAN LA I NS Z & XMW,

BB CHEB OGRS 5 Z &3 TBB 2R TREKI) 2F A5 L TEHATE
%, HlZIE int & bool ZH{> T string ZiK 3 Al int — bool — string BIZJET 5,
— IFAREETH Y, int — bool — string 1% int — (bool — string) & Fd,
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4.3 L a—R#

T =R ENIIL K OFBELFAET S, T—PDEBTRERI L KT 572D S5ED
FABRLTCWAEIZ ) I 54 TRIZIERZ 21295, C EFEIZBIFE T 2540 TRIC
% int ¥ char & W 7282 H 5,

SEEIZIETY I T4 THRIDAMNZE, A —PDEBATRERINELET B, B2 IXHEE
HRIFEBDOMEZ RO LS RMEZIOES K5 B TH B, T 2 THEERIZT LT MFEER
B enwS =208 E2MR LGS, BROMEEROKHNTE 0% s5, LoT, MHid
I A2 57225 TAIZREIZKES>TVWED0] 2HATWS LI BRTRLTIERS
AN

ZIZTLa—RBEWHSHZEAT S, La— FRISEBORZ L2 58THD, N
HIZRE > TWAEIZIZ A== 7 BRAFDR T X)L & L TRHWT WS, FlZIX [Tnt DEH x
EInt DE y #F2Va— 8] & {z: Int,y: Bool} DX S5k 35, CIZHBIT5
MEEARTIZY AN 41120V — 23— RIZHIGT 5,

DZKNA41: ClzBlTaLa— RNHTHAREEIADESR

struct Point {
int x;
int y;

};

La— RRIDOMEZREKT 2BRICIE, WHIZHNT 622 TCH52A5Z L THKTEZ 5,
SR OIE T =V FOMEE {3 NEBIZ , KUV THZA B Z L CHEKZHKTE S
(U A~ 42),

AN 4.2: C SEDOMEARDOAIE

struct Point p = {100 , 200};

LVa— FR»SHEZED HTEICIE I Ve AW 2T 5, C SiETIN
ERDRIZ . F—T = RENFRIZTINVHEIEET S,
IV THEERIZN T 2N I AT E 7,

4.4 HoRAFT

La—R2HWE e TEBODEEZ —DDEL LT O TR ZLATES, L
U, BBHDBIBIZL - RZ2WA 56, TORMEERII I EIHENH D, HlXIX
{z : Int} ZRIBUTENAEAEIZH UT {z : Int,y : Bool} £\">7-fli%#EHT 5 LM T
ERV, LU, EREMIZIEBEBOERIET « =V N o DL Int 2RO Z L DATH D,
ZDWWAZDAEHT B L {x: Nat,y : Bool} HERKIZIh> T35,
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ZZT, MR WS HIAEAT B, HoRIE B & S RIGEDEZZHT X 5 IR
JZEREDEIETHD, DV S ZRDMED. BT OEPFI NS XARIZBWTL
BIZMHATESZ L 2RT, ZOKE, S %2 T OEORIEIFY, S<: T &EL, 2k
B SHWTEDHERELLSFHF>TWAEILEZRLTED, SIETOHAETHS, &
G, S<:T ORDEAFE LT, BT IFR S OEMNTHS, &\ iiAFEIEE
ER

EIZREHT 2R TIE TeHDT—2RT E0H SDHEBEF> TVWBERN L VRS, S
T L UTIRAFES-THRV] LERTE S, 74—V FDLZWAEPRSIL L 705 DI
ZRNIRT B EDICBZ B, Ll 74—V ERZWEEHINREL LR, RIZeD
TELEEOFHAIINI KRS, EEDKESITRBEWHNZI T 4 =V DLW HEHBNI
WDTH D,

Fro, FREOBTIZHLT T < T THd, ZNE T IFT EUTIESAES>TERE W
ZEERLULTWADTHIHTH 5,

BB DM FLIIA T DO LD IZEHETE 5,

T <: 5% Sy <2 T
Sl—>82 < Ty =T

i MKET, <28 & Sy <: Ty DI DINLDHE, S; — Sy <0 Ty — Ty DK D NLD |
., DM EIIFI DL LR D EDH BN DWW TIHRARTWS 72124 % HHET
b5,

9. FIBERDICIEEH T 5, EMBIOBEBOSIBIE Ty TH D, 51U BA0E X
SRR T < S, THD, T EAEEAKROS IO L L ->TED, KEW, %
ULCEPNBHDTDOFI DL S, THDB, 2F0H, /NIWHL S 2H R 5 BEEIIK
SRS 2ZITOFS] EERS, BERIZIE T, ODLI—FRZ2WSDO»Hl-oT S, £T
INELTHIERVWOTH S (X 4.1),

Record T1
x:Int <:
y:int

Record S1
x:Int

T1 5 S1 OWAETHNIE (T OAHIEHRIZ W)

Recc?rd S1 CodeSegment Record X . Recc?rd T CodeSegment Record X
X :Int — < x:Int
S1->X v+ Int T1->X

S1 Z518 e LTHRAT 2RBTI 2RI 2103

X 4.1: R0 EEIAL & 5 & DY
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I LRFREBY AT L

RIE D B ZIEH T 5, EAROBEBORYMEIX T, THD, RMHEIZT BI0E
WS BIBEGR Sy <: T, TH D, Bl E IR > T WD, T BRI D 5 H3 BT
EROTHED, INZW, DFD, TKEWR Sy, ZKIBEHKIL, NV T, 2R E
LTi>oTHERW] EWS 2 Thd, BEMIZIEIBESE S ODLIa—FZ2HI-T T
LHECIZRDEFTNSLARZEICTHIEREW (K 4.2),

Record X

Record S2
a: Bool
b : Bool

CodeSegment
X->82

Record T2
a: Bool

S2 HAT2OIA B THNIE(S2DAMIEHRHN % )

Record S2
a: Bool
b : Bool

Record X

CodeSegment
X->T2

Record T2
a: Bool

S27% R BMIIT2HRLTWS EEZTRW

4.2: F o R BRI & 3R O fHD Y

4.5 ¥ %YL Continuation based C

5 8 % F\W T Conituation based C DY AT L Z2EEL TV,

9. DataSegment DRI %ZE T 5, DataSegment FIRIL C DIEERIZ L > TERI
NTWBZD, LI—RREULTEZLILNTES, FIZIXY A 35ITRLTWVWE
DataSegment O —2IZ{FEHT 5 (U A b 4.3),

J A b 4.3: akashaContext @ DataSegment Td % Akashalnfo

struct Akashalnfo {
unsigned int minHeight;
unsigned int maxHeight;
struct AkashaNode* akashalNode;
};

Z @ Akashalnfo (& {minHeight : unsigned int, max Height : unsigned int, akashaNode :
AkashaNodex} B Z D, CodeSegment 1% DataSegment % 5IBUZHLS 728, DataSeg-
ment DXL CodeSegment 2WE KT 2 TKROHI 2 £ L DL DL F R 5,

RIZ Meta DataSegment (ZDWTHE X 5, Meta DataSegment 1371027 Z LMZHET 5
DataSegment OIFIKTH 57z, T % DataSegment DWGEIRIZEFE T35, 259562
212X D, Meta DataSegment 171027 F AdZ B9 5 DataSegment & 47 FFD728,
Meta DataSegment (3fF:3 D DataSegment OB L 725, & L < 1E% DataSegment D
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R E Y 2T

BTDT7 14— IVRZEL LRI DOMERTHE R, F 6FIZHIF 5 Meta DataSegment
XZDLSIZEHRELTWVWD, 128, GearsOS Tl DataSegment DILHAKZ T 15 LT
MBI R OFRREIZ R > T WD,

BARM 72 CbC I2B1F % Meta DataSegment Tdd> % Context (Y A b 4.4) iZ, DataSeg-
ment DEEZEE U TH > TWA72OIZHH S 52 DataSegment & D $% < DIF#R% £ -
TW5,

YA K 4.4: CbC @O Meta DataSegment Tdd %5 Context

struct Data { /* data segments as types */
struct Tree { /* ... %/ } tree;
struct Node { /* ... */ } node;
struct IterElem { /*x .. %/ } iterElem;
struct Iterator { /*x ... */ } iterator;
struct AkashalInfo { /* ... %/} akashaInfo;
struct AkashaNode { /* ... */} akashaNode;
}s;

struct Context { /* meta data segment as subtype */
VA T
struct Data **data;

+;

HABE UTERTDIBROUNDISIBERL LD,

E 7 4.1 Meta DataSegment D€ %

Meta DataSegment <: 7’127 J LA DEE D DataSegment

RIZ CodeSegment DHLIZDWTHE X 5, CodeSegment 1% DataSegment % DataSeg-
ment N E BT L T 5,

EF 4.2 CodeSegment DJE %

DataSegment — DataSegment

% LU T Meta CodeSegment I Meta DataSegment % Meta DataSegment ~ & #9B%KX
L85,
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EF% 4.3 Meta CodeSegment D 5E

Meta DataSegment — Meta DataSegment

ZZTERMZIT =R (VAN 45) LHEBELTAS,

) AN 4.5 BRI CbC Iz B 1T 5 CodeSegment

__code getMinHeight_stub(struct Context* context) {
goto getMinHeight (context, &context->datal[Allocate]->allocate, &

context->data[AkashaInfo]->akashalInfo);
+

__code getMinHeight(struct Context* context, struct Allocatex allocate,

struct Akashalnfox akashalnfo) {
VA T
goto getMinHeight_stub(context) ;

CodeSegment getMinHeight | DataSegment Allocate & AkashaInfo % 5|#UZH > T
W5, BUIRIE Context HEERIMKGD/ZDITIEL TWAH AR =<V LU 51T 7+
ATERWEZDIENT WS T 5, ZDOHEG, 5IDEIX {allocate : Allocate, akashalnfo :
Akahsalnfo} &78%, £z, RO EIFHESCHNTIZFIEL TWRWAS, @&k T I E
& Context TH%, &> T getMinHeight DAL {allocate : Allocate, akashalnfo :
Akahsalnfo} — Context 785, Context DHlIE Meta DataSegment 72D T, #4731
DEFE LY Context D LAIBANDEENRTE S (K 4.3),

,,,,,,,,,,,,,,,,,,,

allocate : Allocate
akahslnfo : Akashalnfo

,,,,,,,,,,,,,,,,,,,

Context |& DataSegment DEFAE R DT

[ommmmmmmmemmmmey
! i
' i
allocate : Allocate i i i ' allocate : Allocate
> etMinHeight .
akahsinfo : Akashalnfo Context i < akahsl
|
H |
'

nfo : Akashalnfo

. . allocate : Allocate
getMinHeight akahslnfo : Akashalnfo

Context %#3iR L TW3 getMinHeignt & DataSegment ZiRLTWZ EEXTHRW

4.3: CodeSegment D5 FUAf 1S

OB Z R e UTERT 5 Z 2 & b, BEMkG LA AR TH X E D Code-
Segment NEEH L THRV, 7077 ALIZ& > TXEBLIIHEE L TWE 7201280
AU T EARRZEDTERW, LU, XRFHERT A 7TV DBEBLEVRAE DL
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BlE—EHIRE UTHEE L., TDOHRI VNS IR T VXA LRI EARR 8 2 810X
R,

F 72, stub OAIZIEHT % &, stub 1% Context 7° 5 B4R DataSegment X 2 HY D H
TEECHE L, HAROBEBDLIBDBRED & 5 kW T 5, MAT, BEikiid
BB X OFMFEAER % Context 2L TH 5 goto 5557 % D Meta CodeSegment
EUTHHET 2L, HARDRDEDIRED & 5 BiRkFENEIT7725, TDXIIT /) —<I
L~V CodeSegment DI E REIZA XFEZERHIT LI LITE>T/ —< LR
@ CodeSegment 2AEIfFITTE 5, BT %4772 5 BRIZIE DataSegment DESH L L TD
Meta DataSegment 23T 50, HEARE LTa v N NAIVRHIZAERKT 5 Z & T CbC
AR Z 2R TE S,

B, AXFEIZHHT 5 Meta DataSegment & Meta DataSegment & [FIRRIZ TS 1F
T& 3, Meta DataSegment DI RIZA Y 5 Meta Meta DataSegment % E# L TX
NIERW, ZZTHIEENDIEH B L N)LD CodeSegment 1&[A L X)L D DataSegment
EWTHTITE NG, —D EOBEENS /RS L. TORED DataSegment & L T—
HUTHADZLIZHD, TOEIITAXGEZBEREATLE I 2I2LD, A XER TR
INFHEICH U THMD X XFENESIHEHATE B,
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AEHH X R R Edh Agda IZ X St
JERENES

H
n
il

4 FTIE CbC IZHBIF % CodeSegment & DataSegment DD FTEERETE S Z & %2R
U7z,

Y 25 L Curry-Howard [FBEISTISIZ & 0 il & BUAF & 5 L XEHE D —xF — 12 /S
5, KM E WS B2 KOG R EEE Agda Z FHWTHEIY A5 ATEEHMM TR X
5L ERY,

5.1 IKFIMZKOIEIZXER S Agda

RIS AT LB HWTCEEZ1T72 5 2 e W TE 5 SFEIC Agda [4] DFET 5, Agda iF
WL WS BRI AT L aFioT0d, KEMEFRBEE—HFA TV T3
MY AT LTHY, RO 2 51 BUTHS B 2 B> TR %R 4 B8 & 235%60R T
&5, ZOHITIE Agda DR NT 217785 [16] [17],

Agda 134 VTV MZEREZFRDOSETH D720, 1 VTV MEIEBLALHIZR 5 HEN
Ho5, £, FHILZL DHLZTEMNHTELZHETH, AR—ZADHMIIBAEIZF = v
J73IND, 8B, - DRIFZAXAVFTH D,

F9, Agda D70 I L%EERTET 7 A INVEMEKT S, Agda D700 T LT
EVa— VAIZER I NS 72D, FTE N Y TUVRVIEV 2 -V 2 EHRT D2HBEND
5, bYTVURLVDETV2a—VET7 7 A NVHER—L05, HlAIE AgdaBasics.agda %
BT 2RDEY 2 — LAY A 51DESITERT 5,

DA B 51 AgdaDEY 2a—IVDEHET 5

1 ‘module AgdaBasics where

Agda IZBIFBRIFEEIL : ZHVWTITR D, HIZIX, ZExHPRA ZFKD, w52k
RITIZIEx : A CEART S,

T — X% Haskell ¥ ML (272 E0 72T —2ETH 5, T —XMDEFEIT data
F—7—KRZHW5, data ¥ —7 — FDEIZ where A2 EEZ A1 VT v b2 EL L2,
BIZaA VAN IR ZOMETZET B, HlZIX Bool EEHETHELYAN 520K
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AL PR S8 Agda 12 X SREHFIL

12725, Bool lZa YA N T2 & true » false 2H2T7T —XBTH 5, Bool HEDHEI
X Set THH., Tk Agda DHAAATHE D THOR | THD, Set IFFEfEHEE % Fr
L, MOBMORZIRET 5121F Setl £ FEL,

JZ b 5.2 Agda iz 85T — X Bool DREFH

data Bool : Set where
true : Bool
false : Bool

FAE D E £ 13 Haskell 1238\, B & 2 G0 U 722 IO ARAZ = DRBITIEE
T35, EHRORIT - 2HWVW5, BB, o ICW LU CTIREREX > HEINATWS,
ZAXBIED L A TR O AEDEL B DT A > BOXSIZEIT S, Bool B x ZHl-> T
true ZIRITEEK £ IV AN 220K D127 5,

J AN 5.3: Agda 125 1) 5 BEEE &

f : Bool — Bool
f x = true

FIBIIERHTZITBHILHTELD, BRIV A NI 7 X2 BETHILTED
AVANT I RPEINZROEFHZ2EHETES, ZNEANX—ry FEEEN, TV
ANT Y RT case X &[T TWBELDEDTH S, HlZIX Bool BLDMEZ KEET %
not B EELL VAN 54D LS ITR D,

Y AN 5.4: Agda iZ85 1) BB not DEFH

not : Bool — Bool
not true = false
not false =

NREA=UIIVFIIERTDAVAN I I REDONR =2 EF TSRV, HlxIE.
Bool 1 7% Z I FHLA BHE T true DRFOEEFOAZELL ZLIITERY, B, IV AR
T IR BV DPEELURIZER TR B &, BHEIREL S AMEIFFEELZUAD T
ANT R B, HIZIEY) A D 55D not 1% x 121 true UL AD Z & IXE N, 7,
Ry FUREZERE UTHHALZWESIE _ 2HWTE T2 TE S,

DA B 5.5 AgdaliZBIFB NN E—r< v F

not : Bool — Bool
not false true
not x false

BAEUZIZY) T IUDBEEL, BBAZERETLEXZOHTEKRT LI enTES, Z
N%& I LXRNEMEK, \argl arg2 -> function body D & 512FEH <, HlZ X Bool BLD
5% b 2> T not Z#HT % not-apply 2T LXATEHESEVAN56DLDITH
%, BA# not-apply % 7 L XA Z D TIZEFET S L not-apply-2 (L4250, ZD
DOEBUIFR—DEIEZ T 5,
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DAN 5.6: Agda IZ8B1F5 7 LXA

not-apply : Bool — Bool
not-apply = (A\b — not b) -- use lambda

not-apply : Bool — Bool
not-appy b = not b -- not use lambda

Agda TIIFHEDBBND A THIHY 538 % where W TRl TE 5, T NIZEAEAER
DIERGTERE2ERTHDIZIEHATE S, A3 — 7% where H) BFLET 5 BN D A
THDH7-D, ZATEPMEREI T2 HHEN, FIXIFEARKI DZH > TENEN 315
ULCIET A2 f 2€HETHEL X, where 2fli5 VAN TDESIZEITE, ZTh
X £ LEBROENIER T 5, where MIFAA L WEBRDEEIZA > T >~ MM & T where
F—U—RZEHBL, BITOHBRT T b U THEHENMBTHHET 2EBZ2ERT 5,

DA DN 5.7 Agda (251} % where H]

f : Int — Int — Int
fabc=1(a) + (t b))+ (t c)
where

tx=x+x +X

f’ : Int — Int — Int
f>abc=(a+a+a) +(Mbdb+b+b)+ (c+c+c)

T—RBEDOIAVANI 7 RZIFEPEHGORZGFIIINAZ L TES (VA 5.8),
HARBDO IV ANZ 72122050, FAIZARKY R, i AIZEREZ I > THEEBUZ K
TEDTH5, HlIZIE01F zero TH Y., 113 suc zerolZ, 31 suc (suc (suc zero))
RGBS %,

YA DN 5.8 AgdalZlHB T 5 HARBDEE

data Nat : Set where
zero : Nat
suc : Nat — Nat

HARBUI N T 2B ILHREKE U TERTE S, HIRAITEAKEY S LoMmEILIH
HAET+E UTY AN 59Dk 51FIT 5,

ZOIHBEAFIFEMICIIHEREBTCH S, MIEPERETCER TS 2H 02 EBH4IC
_ S LUTHOIAATEL ZL T, BBZEIRFIZH -2 DAIEPEREHAE D L 5 IR
58S, BIZIE \_BEBEEETSHE | true DEDIZHHTE, - R EETHE
false ~ DX DIZFIHTEZ %,

F72. Agda IFFHIRBEBME LT 202 HETE S, ZOMBED “IHEHE I3 AMBE
Tz UTIEB S M EIRT 5, A1 1 A EDORFOFEIFERFIZIE suc n 225 n A& -
TWA7-, BRTEVRLIES T I TWOREEILET S, HL suc n DEFFEFHSTH
GANEHIRELUGE. Agda 3EEZ T,
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RITHRAFTRNZ DWW TR TWL , IKFRITHRESEARANLR L OB TH 5, KFE%Z
FAH U BB ORI AF U ORI ZIRETE 5,

Agda T (x : A) —> B 2 ELL LBBUII A 28> x 2% 7Y, BZKYT, ZIZT
BoOHTx Z2F->THERW, HIZIXEEORIIN T AEEBELILY AN 510D &S5 i1cE
F 5,

) Z N 5.10: IKERLZ OB O EE

Tk W N =

identity : (A : Set) — A — A
identity A x = x

identity-zero : Nat
identity-zero = identity Nat zero

Z OEEFRE identitiy (IMEEDORITEMHAIRETH 5, FEXITEIEN identitiy & Nat
ANJEH U722 identitiy-zero TH 5.,

ZAHOEFRHCITR 2 HRIIZIEEE T & D zero WCHHLZHEAORIXHHIZ
Nat -> Nat TH D, Agda ZZTD XS GH#gnz AR — ML TH D, HEmrTaemslBUTE
BT &5, #amZ & o THERS N 55180 BB 72512 (implicit arguments) & S\, &t
5 {F TKK %,

Bl ZIE, identitiy OXHR & T2 A Z WGB3 8L UTAEHKT DL U AN 511D
£22k s, ZOEEEEEMAT BRIIREDHIZIE S 22T ZITTTOMMH
FICHEEm I N D, Ko TRIBZEFHT HERIE id-zero DL D IZHZ AL TRV, &
B, BEBOARETHERNZE 2 FMHL 20WEHE X {variableName} THHETH I &
TE5 (id’ B, BHT 2565 {3 T, id-true DL S IZfEHT 5,

DA B 5.11: Agda IZ 8 1) 2 GBI 7251812 1D B

R O © 0o g O Utk W

—_ =

id : {A : Set} - A — A
id x = x

id-zero : Nat
id-zero = id zero

id’ : {A : Set} — A — A
id’ {A} x = x

id-true : Bool
id-true = id {Bool} true

Agda 121X C 2B T 2HERICHYT AL - RIS EFEHET S, EEETRDERIT
record ¥F—"7 — RDEIZL I— N4, B, where DI field F—7 — K& AN7-1&,
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T4 =V R LRI ZEHZETSE, HlZIEx &y DDDOHARE N S57%5 L 32— K Point
AEHTDHELVANSI20ED1Z%5, LA—FEBET IHE record ¥—7— KD
#BD {y DHNERIZ fieldName = value DL TIEZFIZEL TWL, EEDMHE % 559 5 B
X ; TXH5,

DA N 5.12: AgdalZBIF5 L a— REIDES

record Point : Set where

field
x : Nat
y : Nat

makePoint : Nat — Nat — Point
makePoint a b = record { x =a ; y =b }

MR IN- L 32— KD o fEZ2 ST A B21Z1% RecordName . fieldName &\ & HTDEIEL
ZEATS(VANSI3N21TH), BB, LI—RIZERX—=Uy FHRHHTES (VA
N 513 WN547H), 72 % FEH T 5B record oldRecord {field = value ; ... }
EWS KX ZEFIHT 5, Point DD x Df% 58X 3 B4 xPluss (Y A b 513D 7.8
FHDO XS IZEIT 5,

DA DN 5.13: Agda iI2BIF5 L I—NOHH, "NX—r3vF [HOFEH

getX : Point — Nat
getX p = Point.x p

getY : Point — Nat
getY record { x =a ; y=b}t=5>b

xPlusb : Point — Point
xPlusb p = record p { x

(Point.x p) + 5}

Agda IZEFBEAED K 5 ITRD 85 #BE & U T Instance Arguments D FEET 5,
INFeHdT— RN, HEIBME AT 2R OB AR DI L 2 RIS 2HRETH D,
Haskell IZ2BF 2827 F A% Java IZEIT 54 VX —T7 2 —AIZHY T 5, Agda (251
LI OEIRE, BB EEE L 72 record IZHYE L., ZOHINZLRIET 21213 %
® record % instance & U CEEKT HZ L1245, HlIZIX, AU ELLIRT 2 LN TE
5, LWOMBEARTEVANSUDES LR, BRICIZEH2E A 12812 HE
B _==_ ZEFKT DI LITHYT 5,

J AN 5.14: Agda iZH 1T B0 IR

record Eq (A : Set) : Set where
field
==_: A —- A — Bool

HBET N OIS 2292 2RII1IE T TCZOLa—R2EKTE
52 ¢%mRL, TN% instance WXL THHT 5, B Nat 28 Eq O L THB Z L %5
BRTBLVAN515DKD1245,
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D A b 5.15: Agda lZ 81 % R4 AUREFR D FESE

_==Nat_ : Nat — Nat — Bool

Zero ==Nat zero = true
(suc n) ==Nat zero = false
Zero ==Nat (suc m) = false

(suc n) ==Nat (suc m) n ==Nat m

instance
natHas== : Eq Nat
natHas== = record { _==_ = _==Nat_}

ZNT Eq PERINDBEBUZH LT Nat DEHATE S L5125, HIZIEE A O
FZrRFEDO List A DO ERZHBELUTL b elem 2EHET 5, MDA v ARV Ak {{3}
WEBIZH AT e A TR 95, B, AR IIMBETH S, RIZEHELTZITITH
FALZWEGSEIE _ THBT RV, ol UTERL 72 record 1ZBEEAIMKRIZBENT
{{variableName}} & WX TCEAKIZKMETZ 3,

J AN 5.16: Agda BT B8 % S5 B DE #

ielem : {A : Set} {{eqA : Eq A}} — A — List A — Bool
2 |elem {{eqA}} x (y :: xs)
3 |elem x []

(Eq._==_ eqA x y) || (elem {{eqA}} x xs)
false

Z®D elem FAEUIIY AN 517 DL S IZHHTE S, Nat LOEREZFD U X N DHER
WCADEEITNEDHEZRL TWA, 20 listHas4d 1% true IZEEiEI N5,

) AN 5.17: H#54T % Ko B D

listHas4 : Bool
listHas4 = elem 4 (3 :: 2 :: 5 :: 4 :: [1) —— true

BAIZEY 2 —UZDWTHR S, EVa—)WXFL ALLRIEME UTERT 5, &
B, EROBRIZEY 2a— VD1 Vik— MNIZITRbivd, EVa—VEA ViKR—FT
AR import ¥ — 7 — RZIEET 5, 7z, 1 VR — M2 BRICHRTZ B ITEH
TEHILHETE, TORIEF as F—TU—FE2V5E, EVa -2 5REDHEBDA % A
YAR— T LA using ¥ -V — Nz, BEBOAATE2Z X S5 renaming ¥ — 7 —
F%&, REDOBEBDAZRTELEIE hiding F—7—F2HW5S, B, EYVa—VILfF
ET208% by TRV THWSE A open ¥F—TU—N%&{li5 Z L TREATZ%, €
Va—VEAYR-FTLEH%EY AL 518I1TRT,

YDA N 5.18: AgdalZBFBHEYa— VDAY EKR—b

import Data.Nat -- import module

import Data.Bool as B —-- renamed module

import Data.List using (head) —-— import Data.head function

import Level renaming (suc to S) -- import module with rename suc to S
import Data.String hiding (_++_) -- import module without _++_

open import Data.List —-— import and expand Data.List
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¥/, BEVaANVIZIHMERET Z N TE S, TD L S57%E Y 2 —)VIE Parameterized
Module &IEIEN., HEXINLEIZFOEY 2 — VN T—ELTHKZ S, HlzIFEZEDOR
KT 5 IHEHBE T2 o CHiRE A 2T HEYa— ) Sort 25X D, TDEY a—
WEBIEUZTL A & “IHEE T <20, V— NI 582 RHLT 5, Sort EV2— L%

Nat & Bool TRIH L7V Ak 519 TH 5,
YA b 5.19: Agda (281} % Parameterized Module

module Sort (A : Set) (< : A — A — Bool) where
sort : List A — List A
sort = ...

open import Sort Nat Nat._<_ as N
open import Sort Bool Bool._<_ as B

5.2 Natural Deduction
3 IR IZFEIA % 1772 5 72 1T Natural Deduction( H R ##) 2 /R7,

Natural Deduction (& Gentzen (Z &> TEoNGwElE | ZDIEHI AT LTH 5 (18],
AR Gl T WG A T 230 U, #EGRBANIC K D EIB$ 5 Z L TRD i

HMAZEL,
natural deduction {ZH W T

EFEWTI, BASIC @ A 2RI L 72 2 & 2 ERT 5, FEHHIIARREE TRDb I N,

DI NE £ 725, REIZIE dead D alive D 2 DDIRENTFELLET 5,

RH2DESIZT A ZIRELTB 2B WEET53, 2O A T alive BIRETH D,
BHE N7z BlX A DIREIZHKFZLTWE Z L2 EKT 5,
ZZT, HERBANZEVDEE = 2EAT B,
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HERKF RZ AL S (B ) FhE GEHZERSEE Agda 12 X BEEHHFIE
[A]
B
A:>B:>I

=7 2HEHTHZETIRE Al dead 2720, Fl-mE A= B 2EL N TE
e A LWOIREIZHAIZL T B 2ELGEADR S, TA PMFETNIE B DBEFEETE] &0
IAFAZBEN-Z L b, ZDEIIT, REDSHD THRAWIZETORE%Z dead &
5T, IREIZHEIZ U WIEHZEIT 5, 725, dead BIKEIX [Al DL ST [1 T
A TEL,

alive 7T % dead 2T AN TEEDIE = T HAOATHS, TNEEE X,
natural deduction IZIZEA R D & 5 L HAIDFEET 5,

e Hypothesis
R, ZEIZHDRAPMREL 0570, fwBRNA Z2RETHELEIZUTDL S ITEL,
A

e Introductions

BN FEE NGB RICN U TRl S 2 BAT 5 2 & Tl 2t 2 E <,

A= B

e Eliminations

PrZ. & 2 amEREC S THER S V723 A 5 J DFERT 2 35 <,
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AVB C C

c VE
A  A=DB
B = &

BLE VA, = OEADRERANZ DO W TR AR 72, natural deduction (21X fizH vV, 3, L
EWVS ST 50, I I TIREHZEIKT 5,
ZTNENDOLFIFLATD L S BRE®RZFFD

e A conjunction, 2 DODMEENE D IO & ERT, ANB Lidikd 5, A2DB
EEZBILENTE S,

e V disjunction, 2 DDMED I BLEL SNMVKDILDI L ERT, AV B ik s
5, AFHRIEIBLEEZBILNTES,

e = implication, ZMIDAEDRL Y SLOK AROAELREK OO & &2Rd, A= B
LT L. ALRSIEB EEZXDLILNTES,

5l & L C. natural deduction TZE ik ZGEHT 5, b, ZEGmiEEIE TA X B T
HH, BIxCThb, koTAIFCTHS] WVWoltX%ERT,

(A= B)A(B=0C)]

1A] o) (A= B) (A= B)A(B=0C)] @
B = (B=C)

C

A=C
((A:>B)/\(B:::C’)):>(A:>C) = Lo

N1E
N2E

= I(l)
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F9. ZEGmEEREATRT,

[AIZBTHOH, BIECTHS, EoTAIFZCTHD] MiFHTIREHBETH 5,
FT.TAEXBTHY] 6, APSHEBNEITILZ N1 D, TN A= B LA
5, IRIZ, ' BIXCTHB] o, BroMECIHEITFLAZ LW, ZTWUW B=C
YD, TLUTID2 2RI D LD, £oT (A= B)A(B=C) BMEEL k3,
ZDIREPE D SLDRHZ TA X CTH B ] 2REIERV, IRELFRUESIZTAIZC TH
511 A= C eEITS70, GEHT IR EmERIT (A= BA(B=0C))= (A=C)
A

AEHDOFIEIZZ 5 Th b, FT5M4 (A= BA(B=C) L AD22%KET 5, &
ZANLENE ZLODETEH, AL A=B»5B%, B B=C»56C%2EL, Z
IT =718 A= C 28L, ZOBRIZ dead 12T 5{KEIX A TH D, BE%
dead IZFBERE (1) DL D ITHIET D [1 DELTITHIEEZMNIT D, TNTHES alive 7214k
FlE (A= B)A(B=C) R0, Zhrd A= C 28 ZeNTELEZDIZESIZ
=7 Z2#EAT 5, #ER EHITREREXN (A= B A(B=0C)=(A=C) »&i}7
T DIZFEHK T & 7 B,

5.3 Curry-Howard Isomorphism

5.2 fiiTI& Natural Deduction (25 1F BEEIHFIEIZ DWW TR 7z, Natural Deduction &
T I L ETREMNEDT AXRE UTERETES, 1 Curry-Howard Isomorphism
EIFIEFV, Natural Deduction &BIfF& A FHEAFUMETH LI L 2R L TWDS, Curry-
Howard Isomorphism O % 3% 5.1 12187,

RN E T LAXFHRICB T 2 @mEIIRICHYE T 5, HIAIXEFREBId OMF A - A &
WO BRI Z RO, T TADERD LD 0 AWK D IZLD] WS EL WV, o
RE R E > TN, FEHIFZOREZEL DDA L5,

#l Z 1¥ Natural Deduction (2812 ZBGwiElE (A= B)A(B=0)= (A=C) &
WO EE L TW, IKEIX (A= B)A(B=C)) &£745,

ERIZHIGT 2RI IGEREDFAET 5, Agda IZBWTHEBEMIZWIGT 27— X i
Product Z/EHKT DL VAN 520D L5245, HIZIK Int B L String F % HL S EFE
B Int x String 75, ZNEZDOOMMEZRASHTH D, Natural Deduction D A
WYY 5,

ERMEPSEZ R T HHM st & snd Z2EFET D, T4 5 1E Natural Deduction (2
BIF B ALE & A28 ITHYT B,
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Natural Deduction ‘ BIfAF & )\ B ‘
A A ZROZ x
A= B LA ZHUD AL B DA E R T BIE
=7 7 L Z DML
=& e 280w A
ANB BA BB OERME 2FFOZH x
VA BABZFEOEPSEREEADIVA NI IR
ALE ERERL DS DR A 2 HL D H 3515 fst
N2E ERERID S ORI B 2 H Y H 9 55 snd
AV B BA BB OEME 2R DOZH x
VI BABOMEIPSEMEADIYV AN 7 X
VE EA A 58 C Dff % K 3B f

# 5.1: natural deuction & A & X FHEE & DXIE (Curry-Howard Isomorphism)

BE, BREAEIIMAZFE D74 — IV Rfst 2B B2FH D271 — )N Rsnd 2H>oL a—
REILEZ TEHRBEW,

DA b 5.20: Agda (281 B EFER

data _x_ (A B : Set) : Set where
<_,>:A B — A XB

fst : {AB : Set} - A X B — A
fst <a, _>=a

snd : {AB : Set} - A X B — B
snd < _ , b>=D

ZEGMIEOIIHIE T DDEN S ALE & A28 ZFHVWTIREE 2RO L., TNE
N =& ZHEALUZRIZINER =7 Tdead 1295 JETH -7,

=7 C:jﬁmj—é@CiBgéiﬁﬁﬁfﬁ)éo J:O"C:.O)gEEECi r#’)@%éﬁ(ﬁ‘% fst & snd
2o TREE DO H L, TNENZ2BEBEHAT S LWHRIZRSE, ThET LK
RTECEV A2 D &S 1Z%5, IRE A XxB EHEA DS A - CZEZENTVD,

D AN 5.21: Agda (281 3% =ZBiwiEDFEH

f: {ABC:Set} > (A —-B) x B—-0C — (A — 0C)
f=((\px — snd p ((fst p) %))

ZD &SI Agda TIFiEHZEERTH I LA TE 3,
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5.4 Reasoning

IR 2RI U CERDFFHZ LR LT\ <,
HlEEL LT, BREDOINED LR Z2/RT, GEHZTRS 72D EFTIXHRBEZEH
95, SHAVWEZEHARABDERIILTDOLS>BEDTH S,

o 0 IFEHAKTH S

o TEDHERBUTIIBGHIPFIET B

o 0 IXW\A 75 HARBD BRI TH 720

o BLLHMRKE S LOBKEIZEZLRS (n#m — Sn # Sm)

o 02D OMEZWI-U, anddMEZ M- EIXTDEF Sh) bHARKTH S

Z DEFK I peano arithmetic (2B 1T 5 HARBDERTH 5,
Agda THARE Nat 2RI DLV AD 52 DL5I1T45,

U AN 5.22: Agda (28 1F 5 HAREA Nat DEH

module nat where

data Nat : Set where
0 : Nat
S : Nat — Nat

HAREH Nat 122002V A NI 7 X %&EED,
e O
B ER WAV A NI IR, ZND 0N T S,
e S
Nat Z3[BUCE A AV AN T 7R, T EHEEIZHY 35,

XoT, BED 31X S (S (S 0)) DEHIITREEIND, SDEBHIPEEIZNINT S,
RITINEZEHRT S (V) A b 5.23),

UA D 5.23: Agda 2B 1) 2 BRI 9 5 A D E

open import nat
module nat_add where

+_ : Nat — Nat — Nat

0+m
(Sn) +m

m
S (n + m)
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IEIE BRI _+_ L UTERT S, 22D Nat ZHUD . Nat 2R3, BIE _+_ 138
A=V FILEOVMHEZEZ S, 0IZRLTm AT EH5EFE m THD., n DB
WHRLUT m MET5551E n 12 m &AL 7z: ﬁ@@éﬁﬁ(&j‘é S ZIEDED 54 DI
N1 DT ORI %bfm<i9&M%T%é

BIZIX 3+ 1 Vo 72E5HRIE (S(S(SO))) + (SO) &S icididansd, TI T3+
1234 LELWT L DREHZTT2 5,

LAXDIEIHIZIE agda @ standard library (25 1) % Relation.Binary.Core D€ 7% % F
Wb,

J A b 5.24: Relation.Binary.Core (Z & 5% /RTH =

‘data = {a} {A : Set a} (x : A) : A — Set a where
X = X

refl :

Agda IZBWTHERIK, FX2RT 7T &R = 2LV EHKI NS, = XA UHIAFE U
THIZFER I NARHZa VY AN T 7 X refl THEETE 5,
FBUZ 3 + 1 =4 OFEIHIE refl T TE % (U A b 5.25),

UA N 525 Agda (28175 3+ 1 OFEEDN 4 &E L WIEH

open import Relation.Binary.PropositionalEquality
open import nat

open import nat_add

module three_plus_one where

3+1 : (S (8 (D)) + (80 = (s (8 (5 (50NN
3+1 = refl

3+1 L WO BB EERL, TOME UTHHTREA 2508 U, FEHZBEBOER L L
TREFET D, aEHTAHZRIE (S (S (30 + (S0)=(S(S(S(S0)))) THd, 5
M _+_ BABODOERIZED (S (8 (S (8 0)))) IHHNINEZDIZIVANT IR
refl 2SEEAA & 72 %,

= LK CREHT BB, BTRURNICENIND LIRS 202D, WL D DOEE
7 Relation.Binary.PropositionalEquality IZE#& I N TW5

eSym:r=y > yY==c

EXRVHFATENEZFOEROELE HLE2KIZLTHEL W,

econg: f—oax=y— fr=fy
AEA U 72 RZF U 2 5 A THEXIIR N D,

etrans: s =y —>yY=z—"r =2

2 O0DERIZENLZFCEZHAWT 2 00X 2BIF-ERITEL W,
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TIE I 0D 5 nat DIED LKA ZFERH L T\ < (U A b 5.26),
U A N 5.26: Agda 1231 2 fN7ED 2 #E R D FiERA

open import Relation.Binary.PropositionalEquality
open import nat
open import nat_add

open =-Reasoning
module nat_add_sym where

addSym : (n m : Nat
addSym O 0
addSym 0 (S m)
addSym (S n) O

|addSym (S n) (S m)

— n+m=m+n
refl

cong S (addSym 0 m)
cong S (addSym n 0)

{1y - &

nnnn~

FEAT ARlE n+m=m+n TH5, n & mlE Nat THSE72D, ThZTnHra v A
NI 27X OMSIZEOEREING, TDEDIZNNEZ—=2IF48DH 5,

en=0m=0
Ao DERIZED,. O TN EINSE720 refl TEEHTE 5,

en=0 m=Sm

O+ (Sm) = (Sm) + 0 %#FAWTEZLitkhd, ZOERE +_ OEHRIZKD
O+ (Sm)=S(m+0) LEETES, S(n+0) 1 EZm+0 2SS ZMATHEDTH
5728, cong &AW THIFMIZ addSym 21795 Z &L CitATZ 5%,

ZD2DODFHHIFZD LS BREREZRED, n B0 THSHLE, mb 0 2SI E
DERDKTT S, n D0 THHD, mDB0 THRVWEE, m Kl Thsd, ko
TmH (Sx) &ELPNBEE, x Em OFIOMETH S, BIDMEIZ & 2L % A
WTH 5 ZDORERDOEHEE _+_ OEHRIZLDFELL,

ZZT. addSym Z¥ESI NS m 1T 1 DMEAPFH > TSz, WEHIZIE n =0, m
=0THD refl IZEXTHEHISTN, FARFONL,

en=5Snm=0
(Sn)+ 0 =0+ (Sn) 25, TOHFEXRIT _+_ DERIZLY S(n+0) = (Sn)
LERTES, IHIZAERTNIE Sn+0)=SO+n) £7%2%, &> T addSym IZ
D O &nZEHLULEIZ cong TS ZMA DI L THHNTE S,
ZZT, O+n=nid +_  DERIZIVEHPETHSH,. n+0=n22DF x4

HTERWI LIZFERZLUTHRLY, _+_ OERIILAMOIED S S 2 LMDIHADHE
TEITHL7D, AHOEADFEEIXL 2,
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en=Snm=Sm

3DODNEX—IFEFHH U 728, ZDONRR— 3D 2 B b -0RIcMid 52 &
95,

3 DODNRR—=NZEWTIE refl ¥ cong &\ o 7z HMIZRTECIHEIAZ T2 5 Z & N TE 72,
U ULEWIEHHIZZR % & refl ® cong &\ o 72A % trans TREIZBIT T BEMEDH
%, RWVIEIHZ 730 X3 < Elidd % 72812 =-Reasoning = A\ 5,

=-Reasoning TIFFERD A% begin DRIZEIR L, FARADER % = (expression) 12
LR T B Z e TERL TV, BIICERDAL L% B QIEANL LT 5 L TERD
AEANME 5N B,

HARE D INED AR #17E Al % =-Reasoning & AWTREBH L 726103 A - 527 ThH 5, i
Wn & mMW1AETHLOFEHICIEHT 5,

) A b 5.27: = - Reasoning % FH\\7zZEBH D Hi

0 N O U W N
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18 |
19 |
20 |
21‘

open import Relation.Binary.PropositionalEquality
open import nat

open import nat_add

open =-Reasoning

module nat_add_sym_reasoning where

addToRight : (nm : Nat) - S (n + m) =n + (S m)
addToRight O m refl
addToRight (S n) m = cong S (addToRight n m)

— n+m=m+n
refl

cong S (addSym 0 m)
cong S (addSym n 0)

addSym : (n m : Nat
addSym O 0
addSym 0 (S m)
addSym (S n) O

o~

addSym (S n) (S m) = begin
(Sn) + (Sm) =( refl)
S (n+8Sm =( cong S (addSym n (S m)) )
S ((Sm) +n) =( addToRight (S m) n )
S (m + S n) =( refl )
(Sm)+ (Sn) N

F9 S n)+Smid_+ OEFHFRIZED S+ (Sm)) IZHELWL, 5T refl
TEIND, BH, HAMIZEZE R ECTRIUEICHNS N refl 1I2X > TR T2
ZEMZW,

RIZS (n+ (S m) IZHULTaddSym ZHWTRHL, cong IZX->T S ZEHT
5Z2T S ((Sm) +n) ZED, TN, BI3NZX—=2IZBWT + OALOIEMN 1
UETH>TH EFL BN EHRE TSI 2AHALTHEHZEZELTWS, ZOLS
WZECEROHRTE, B NX— VT TERED 2 HWTH S Z — v OFFH %1772 5
b dhb,
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AL PR S8 Agda 12 X SREHFIL

BEIZS ((Sm) +n) 25 (Sm) + (Sn) 2HRLSTIERSRY, LLL, _+_ D
EZRIFALIIRHLUT S 2BHTHEENEEINTVARY, Ko TI DX X TIFEEHT
L5ZEMTERY, ZDH, FRX S(m+n)=m+ (Sn) % addToRight & UTERHRT
%, addToRight IFI Y AN T 7 RIZ L B3I HWTIEHTE %, fE20 THNIXEH
WD AL B, 1A ETHNIXEIRRIZ addToRight 2 #H 3% Z & TEEDEUIK L TR
DiLD, addToRight ZFH\WWAZ & TS ((Sm) +n) 75 (Sm) + (S n) ZHEFoNT,
INTERX (Sm) + (Sn) = (Sn) + (Sm) DFEHPSET L 7=,

FHAREIZN T2 + DIEHAEZZBZZRIIHDZADA VAN T 7 ROMAGHE 413X —
DWTNHTHEZHERDERDREK O SIOZ e Dh o7z, TD XS, Agda 2815
FAXDFEHIZ, EEXPEFAZHAVWCAHEE ELZFECEIZART A Z L Tiihbh b,
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H63 Agda (28175 Continuation
based C D3R

5% Tlk Curry-Howard FIEIXI S &b, B E 5 LA XEHEZHWTHENGEHTE S
Zr%ERUTZ, AT, AEAEXERSE Agda ZH VT T —XRDERL T2 IS KD
MEOFEHBT R A S Z & 2R LT,

CbC THEZIEHT 572D ITKFRZ R L 72\0WAY, CbC ITIFEHEHDOI Y 2T LDMF
EL7R\W, #FH%Z CbC I VA T TS 72D12H £FTHIRD CbC 2HAFT T2 H0H
b5,

6 Tl CbC DIHIPA TR TCRIMNITTELZ L E2RT, EEULEZMIATLZHWT,
Agda EIZ DataSegment & CodeSegment DFE . CodeSegment DL & AT, A XGIHA
ZEFZRLU. TNODBRMNITINDG T L 2R T D, F7z. Agda ETEZEL 7z DataSegment
&S % CodeSegment DR DOME % Agda TREFHT 5,

6.1 DataSegment D€ %

¥ 3 DataSegment 2*5 &7 LT\, DataSegment (&L 31— N TRETEZ 5720,
Agda DV aA—RFZ2ZD X FFRHTE S, HlZAIZ21ITRLTWZa & b ZMALTCc
NS00 T LT E DataSegment 2k T 5L 6.1 DL ST B, cs0 IF a
EbD=DOD Int MOZEKEMMAT L7280, WiKdT S ds0 iFa & b D74 =)V F&kf
D, csl IFEMAMRZRMNT S ¢ LWV HAFTDEBDAZFEFDOD T, FARKIZdsl H c DA
ZHRO,

YA b 6.1: Agda 281 % DataSegment D5E

record dsO : Set where
field
a : Int
b : Int

record dsl : Set where
field
c : Int
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6.2 CodeSegment DJE %

KRIZ CodeSegment % E#% 9 5, CodeSegment I& DataSegment % H{-> T DataSegment
ERTEDTHS, o TI -0 2RNATET—XMEEHRT S,

L a— FRIOBE Set 22D T, Set BEFFOLEMT & O ZMERUTK > 72 7 — X Code-
Segment ZE &9 5, I i Input DataSegment DHEITH D, O X Output DataSegment
Th b,

CodeSegment BLD 3> A N T 27 XIZiE cs 23 V|, Input DataSegment % H-> T Output
DataSegment %3R3 B ZI S, BEARNZRT —XBMOERIZY AN 62 DX5I24h5,

YA L 6.2: Agda IZ81F 5 CodeSegment B D iE F

data CodeSegment {11 12 : Levell} (I : Set 11) (0 : Set 12) : Set (1 U 11
U 12) where
cs : (I — 0) — CodeSegment I O

Z @ CodeSegment % 7% T CodeSegment DMLHLIARILZ Zlk 3 5,

ETEHOARKE LD s0 IZHEHT D, cs0 X =DD Int B ZFED ds0 MO, —
DO Int MK %> 72 BT sl ICREMGEZ TR D, DataSegment |1 I — K72D T,
albDT7 4=V RERPOMEZEID U ETHREZITRWV, c2F2 L a—FE2EHKT 5,
ZDOLa—RZE5EHENZFE F csl ~N& goto T B,

RIZ cs1 WZIEHT B, csl IZMEICHINT cs2 N& goto T AT THD, LoTHEE
FTIZFDEE goto THAEBAEIAVANT 7R cs IZHETHEITTRY,

BT 2 THD, cs2 13V AL 21 TRAKBL TV, SREIFFEZKTIES
CodeSegment & UTEHT 5, £®D CodeSegment 126 EMMGEE T IMlEZRF->72F F
HEZKTIES, VAT IR cs I Z G2 TIHMEZ K TE 2\,
filH LW TH 5 id ZIEL TV 5,

BBIZERET 5 cs0 NEBREMET D main 2EHT D, Hle LT, a DfEZE 100
L. bDfiz 50 & LTW5,

cs0, csl, cs2, main % Agda TEHKRT DL VAN 63D EHITR5,

YA B 6.3: Agda IZ81F 5 CodeSegment D5E %

cs2 : CodeSegment dsl dsl
cs2 = cs id

csl : CodeSegment dsl dsl
csl = cs (\d — goto cs2 d)

cs0 : CodeSegment dsO dsi
csO = cs (\d — goto csl (record {c = (dsO.a d) + (dsO.b d)}))

main : dsl
main = goto c¢csO (record {a = 100 ; b = 50})
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EUFHRAT R A 272 58 150 5105 X TH 5,

6.3 /—<ILRVEREDFELT

Ta7 5 LEFITTEHI LI goto EERT DI L LABETH D, WML goto DM
HeLTiX

o RIZEFTT % CodeSegment % $5ET 5

e CodeSegment (249 X Z DataSegment % fHE 9 5

o BIfEFEITL T3 CodeSegment »* 5 il & fi € X 1172 CodeSegment ~ & B #) X
'3

b, Agda IZE1F % CodeSegment DAKIIEAK TH S, Bz ZDO L HEHT S
EHIFZFLTUE S 720 CbC L DRIERERDLNTLE S, Lo T, goto ZFIFT
ELDMEBOEREDATH D, &\ il EBEBUZ I INZ 2 BEDH 5,

Z DRI E 2722 IX, CodeSegment D 5EFT1E CodeSegment B A & BEEUARAR % HL D
MU, Va—FRZ2EOEZEHTS I EITHYT 5, BARINIZ goto 2B E U CHEH
THEVAN64DEDITRB,

DA DN 6.4: Agda lZB1F 5 goto DIEFE

goto : {11 12 : Level} {I : Set 11} {0 : Set 12}
— CodeSegment I 0 -+ I — O

3|goto (cs b) 1 =b i

ZD goto DEFKZ VS Z LT main R E DEBAFHATEZ 5 X522 0, il 150 A
"ohd, AXHTOD CodeSegment DEFIZ—H 2L TWD, EITAHEZR Agda D
YV — A3 — Rz EYE 5,

6.4 Meta DataSegment DE#H

J ==L CbC % Agda ETRIRL, FETTHIENTE 2, IRIZAX L)L
DEtHE%Z Agda ETRRLTWL,

Meta DataSegment 1%/ —< )L L X)L D DataSegment DELGE U TEETEHHD
THH., &TD DataSegment DR TH -7z, / —~IL L N)LD DataSegment 1% 7
07 I LML TEEINDDT, HAIIERTED2HD TR, ZI T, Agda @
Parameterized Module % | U T, Meta DataSegment @ _EA7#L X DataSegment T&H
%] D &SI DataSegment ZEFHT b5, 2T FTDHILIZLD, £2TOTUT T LlE—
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DPLE®D Meta DataSegment %5, LEDMEED DataSegment 2D, F7z. Meta
DataSegment % A X L' ~X)LMD DataSegment & U TS Z &2 L D, [Meta DataSegment
DERIEITH % Meta Meta DataSegment] ZEZRTE D LD IT705, MEMETARL
NNV RBTLHILICEY, AHEOHRE HEICITR D 2N TE S,

HAKK 72 Meta DataSegment DEZFIZY AN 6.5 DX 512725, BT AT L subtype
%, Meta DataSegment T& % Context 2%} &5 Z IZX DHEEINS, Context %
Meta DataSegment & 9% 7’112 J A E Tl DataSegment 1% Meta CodeSegment D _E
NELE 725, ZODHil#)% DataSegment FLIZEK DO L T35,

U A B 6.5: Agda IZ81F % Meta DataSegment D £

module subtype {1 : Level} (Context : Set 1) where

record DataSegment {11 : Level} (A : Set 11) : Set (1 U 11) where
field
get : Context — A
set : Context — A — Context

22T, BEEESEIHEET 5 SSARROW 2% 5 — 8RR,

T < Sl SQ <: Ty
S1— Sy < Ty =T

S-ARROW

S-ARROW %, B THHHOREER T < S1 & Sy < Ty DO LDz, EAIR
S1 — Sy DEEEE, O Ty — Th \ZHRTE 72, 22 TD EARIE DataSegment Td
D, #B2TIE Meta DataSegment TdH %, il DataSegment @ get I&. Meta DataSeg-
ment 7*5 DataSegment WAEKTE B Z L 2K, TIULEER Ty <: S 4T3, £
LT, set I Sy <: Ty YT 5, LA L., LD DataSegment %% Meta DataSegment
DR L 72 5121k, DataSegment 2% Meta DataSegment & 0 %% < DIE#H%Z N T FF
2R TER SRV, ZHIEE T D L7272\, 7228, A REREZ177 5 BRICiE
#1Z Meta DataSegment % — DM ERfo TWA LIRET B2 61X 0 LD, EBE. Gear-
sOS IZHB I B REARTIE Meta DataSegment (ZFH249 % Context ZHIZFKH AW T
%, GearsOS (2B 2 EIBEAERITZ DR AN T WS Meta DataSegment O BT IZFH Y
T 5728, HIZ Meta DataSegment % 5| N T W2 Z & & i3 11X DataSegment 5
5 Meta DataSegment ZEHTE 5, £oT Sy <: Th Bk ILD,

2B, Sy <: Ty IX Output DataSegment % Meta DataSegment % &9 2 fEZEITHHY
L. T <:S; i& Meta DataSegment 75 Input DataSegment ZH{ D (N9 /EETH 5 7=
B, THIEHS AT stub TH S,
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6.5 Meta CodeSegment D€

Meta DataSegment 73E 3% T & 72D T Meta CodeSegment ZE# T 5, KX, DataSeg-
ment % Meta DataSegment (ZHE5E T & 72728, Meta CodeSegment D€ 512 1% LLIRHYZS
BTy, / —< )LL)V D CodeSegment #IZ, DataSegment % H{- T DataSegment
KT, LW KN AR 27213 THB (VAT 6.6)

YA b 6.6: Agda IZ81F 5 Meta CodeSegment D€ %

data CodeSegment {11 12 : Level} (A : Set 11) (B : Set 12) : Set (1 U 11
U 12) where
cs : {{_ : DataSegment A}} {{_ : DataSegment B}}
— (A — B) — CodeSegment A B

6.6 A XL LEHEDFET

Meta DataSegment & Meta CodeSegment DEHEZ TR > 72D T, KbIIFETTH 5,

FATE ) =L RV BWTIFREME goto ZEHRT DI LITL > THRER, X
R L R)VETTIEZENZ Meta CodeSegment & Meta DataSegment %%z % & 5 12k
&9 %, Meta DataSegment (& Parameterized Module D 5[%X Context (ZMH4T 5728,
Meta CodeSegment 1% Context ZH{-> T Context Zi&3 CodeSegment & 725, Ak
fit goto EX AT B7-DIZHHT% exec L TDHV AN 6TDLIIIZEHRTE S, 1785 T
W3 Z &k Meta CodeSegment DAKE /312 Meta DataSegment 249, £\ 5 goto
EEDOHIRND, set & get VWD Z & T EMEITH H{ERED DataSegment % FEI7F
% CodeSegment H Meta CodeSegment & U T—FRIZFEITTE 5,

DA DN 6.7: Agda 128135 A XL R)VETOEE

exec : {11 12 : Level} {I : Set 11} {0 : Set 12}
{{_ : DataSegment I}} {{_ : DataSegment 0}}
— CodeSegment I 0 — Context — Context
exec {1} {{i}} {{o}} (cs b) c =set o c (b (get i c))

FFHIE LT, VAR 21 ITRLT Wz a & b DEEZIELT c ITRATE 70T A
EHEAD, FITTHBT c D% o ITHRFLU TP OB X D WA REIREZHZEZ 5, ¢ DA
AR FET A RA I VT ITREMGRIC - REET 5, Ko TREMEZITHRD
D e AEDERZ RE L TR TR S22\, £D728HIZ Meta Meta DataSegment Meta
IR Z TR TH B /) —< )L L X)L CodeSegment ZFfD, HZMNT S 2 DALE
I% Meta DataSegment T% Meta Meta DataSegment THEDZRWAY, 5 lal& Meta Meta
DataSegemnt (ZH&#N T 25D LT 5, TN o %2 E X 72 ETD Meta Meta DataSegment
D Agda ETOEREIX6.8DLDITHRD, BB, goto ¥ DHETDMEZE % k) 572D
=< L ARLVDEFIENIZ, AXRLVRVOEHRII M AELHTEMA T DRI TVS,
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U AN 6.8 Agda IZ3B1) % Meta Meta DataSegment D € £

6bén import subtype Context as N

record Meta : Set where

field
context : Context
c’ : Int
next : N.CodeSegment Context Context

open import subtype Meta as M

EF U7 Meta ZRIHL T, ¢ & c’ IZRFT DA XGHHE push 2EHT 5, LOHEX
D CbC IZfl5 & 51T gotoMeta & HEAMESLIZEFKT 5, gotoMeta X° push THIFHL
T\W5 liftContext X liftMeta I/ — < IVLURLEMEZ A XGREL N)LETEH LI
BZHRIIZEFETH2EHEDTH S, FfEHRMIZ main D goto % gotoMeta IZIE SR 5 Z
LIZED, c DIEEZFELURDRSHREFETE S, VAN 69 TR LTSI LTI, @
LAV DIA—= R T AV 22 AFETICAXHRE2EGOHICHRL TS, E%
TR D HID ¢ DIED 70 TH o7& UK, FHRERR 150 13 c IZHRIE N DA ¢ 121X
70 IZRFESINT WS,

UA D 6.9: Agda (28 1F % Meta Meta CodeSegment DJE 3 & FE1T7Hl

-- meta level
liftContext : {X Y : Set} {{_ : N.DataSegment X}} {{_ : N.DataSegment Y}}
— N.CodeSegment X Y — N.CodeSegment Context Context
liftContext {{x}} {{y}} (N.cs f) = N.cs (\c — N.DataSegment.set y ¢ (f (
N.DataSegment.get x c)))

liftMeta : {X Y : Set} {{_ : M.DataSegment X}} {{_ : M.DataSegment Y}}
— N.CodeSegment X Y — M.CodeSegment X Y
liftMeta (N.cs f) = M.cs f

gotoMeta : {I 0 : Set} {{_ : N.DataSegment I}} {{_ : N.DataSegment 0}}
— M.CodeSegment Meta Meta — N.CodeSegment I 0 — Meta — Meta
gotoMeta mCode code m = M.exec mCode (record m {next = (liftContext code)

b

push : M.CodeSegment Meta Meta
push = M.cs (\m — M.exec (liftMeta (Meta.next m)) (record m {c’ =
Context.c (Meta.context m)}))

-- normal level

cs2 : N.CodeSegment dsl dsl
cs2 = N.cs id

csl : N.CodeSegment dsl dsi
csl = N.cs (\d — N.goto cs2 d)
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cs0 : N.CodeSegment dsO dsi
csO = N.cs (\d — N.goto csl (record {c = (dsO.a d) + (dsO.b d)}))

-- meta level (with extended normal)

main : Meta

main = gotoMeta push csO (record {context = (record {a = 100 ; b = 50 ; c
=70}) ; ¢’ =0 ; next = (N.cs id)})

-- record {context = record {a = 100 ; b =50 ; ¢ = 150} ; ¢’ = 70 ; next
= (N.cs id)}

CodeSegment X Meta CodeSegment 7% ¥ DEZEN L D o728, EDMUHP T — XA Y
DUAR)VIZIET 2P EMEI I o722, —EH 22702 TE & D, Meta DataSegment %
& OEE D DataSegment 1& Meta DataSegment (2720 2 5 DT, Z DFEERIEIZTED
BHERTHILVAHETH S,

c’:lInt
next : CodeSegment Context Context
context : Context

| Context | push : Context -> Context ™
i a:lint i T >

i b:int .

E c:Int i

i 1

' a:lInt c:Int !

, b:Int '

i 1

6.1: figzmeta-hierarchy

/o, TOETHD -7z — A3 — NIk AT9,

6.7 Agda %=\ 7z Continuation based C DRZE

Agda 1ZHWT CbC @ CodeSegment & DataSegment ZEFHET DI &N TE 7z, FEE
D CbC DI— K% Agda IZE#L, TNoOMHEEZGEIHAL TV,

Z 2 TlX GearsOS 2'f#D DataSegment SingleLinkedStack ZZFHAL TW<, T
SingleLinkedStack X1 Y X ZFH LA AHY A N EHWTHEEINLTWS,

CbC IZ8B1F % DataSegment SingleLinkedStack DEFIEY A b 6.10 DK D272 > T
W5,
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YA b 6.10: CbC IZB 1) 2 HEER stack DERR

struct SingleLinkedStack {
struct Element* top;
} SingleLinkedStack;
struct Element {
union Datax data;
struct Element* next;
} Element;

RIZ Agda 12851} 5 SingleLinkedStack DEZEIZDWTHIN S A, Agda IZIEART >~
RPNz, AE Y HELRP NULL DERIFFEL L\, CbC 1B 5 AT Y MELRERD X
J =<V RUIZIEHB L2 \WERE L, NULL DREIZI1Z Agda DIEHES 1 75 ) 127
{£9 % Data.Maybe ZH\ 5,

Data.Maybe D maybe %, IV A NI X% "DKD, FADIVAMT 7 X just
HEZFE S 72T —XTH D, KAV XDEIERHZZ LT LT WS, —HDIAVA
;N J 2 X nothing IFMEZ K272\, ZHIFMEDFIERE T, KA VX OEFHERSI LT
20N (NULL RA VX THD) I a2 RETE S,

AN 6.11: Agda (281} % Maybe DEFH

data Maybe {a} (A : Set a) : Set a where
just : (x : A) — Maybe A
nothing : Maybe A

Maybe Z HHWTH /MY A M % Agda EIZEHRTLLE VAN 612D K575, CbC
CAZIFFRFRDER N TE TS, CbC, Agda £iZ SingleLinkedStack (% Element %D
top ZHf> T\ 5%, Element BIIIfH & {RD Element 27D, CbC TIEHRA » X THRILL
TW2E A Agda Tl Maybe TRIEI N T WA DY, Element BLOFFDIFIIZIZE D> T
WRWY,

DA D 6.12: Agda IZBIT DR ) A M ZHWAR Y 7 DER

data Element (a : Set) : Set where
cons : a — Maybe (Element a) — Element a

datum : {a : Set} — Element a — a
datum (cons a _) = a

next : {a : Set} — Element a — Maybe (Element a)
next (cons _ n) =n

record SingleLinkedStack (a : Set) : Set where
field
top : Maybe (Element a)

Agda THAMY A % F]HT % DataSegment DEFEZ ) AN 6.1312R7, / —<)
LRV G 7 7 AT[RER G & LT Context 2 element 7 4 —J)V NZEBMT 5, *
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LT/ —=SIVLRUPRST IR ATERNE D 28 L 72 Meta Meta DataSegment T &
% Meta IZAZR Y 7 DARIKRZEINT 5, CbC IZHBITHFELETIL ... TRETDH -7z next
H, agda TIEAZXL )LD I—REFZ AV D nextCS &0, THLALBAITFINTWVWS,

DADN 6.13: AXy 7 %ZFHT 572D DataSegment D& %

record Context : Set where
field
-- fields for stack
element : Maybe A

open import subtype Context as N

record Meta : Setl where
field
-- context as set of data segments
context : Context
stack : SinglelLinkedStack A
nextCS : N.CodeSegment Context Context

open import subtype Meta as M

RIZAR Y 7 ~OEFIEICIEHT 5, ARy 7 NEfl% T pushSingleLinkedStack &

fEZHLY 19 popSingleLinkedStack @ CbC Fi%4% Y A b 6.141Z/”F, SingleLinkedStack

1& Meta CodeSegment TH D, X XFHHEZELT L 72&ICIFETE D CodeSegment ~ &
EE®d, TDDIT next LWVWILHTTIROIA— R I A baffEFLTWS, BAEH
7% next XA VNAINVRFZUPGDRH6R\WEZD, .. MXZHWTAEE LTWS,

pushSingleLinkedStack & element Z L <MLK L. fHZ ANTfRIT next N ¥
F. top ZFH L CiEMk#ET 5, popSingleLinkedStack IXJEHHA S TA T XA
D% top NPOHF L. element 2 —DH#ED 5, fHNZETHNIK data % NULL IZ L7z F
FREMEITR D,

J A b 6.14: CbC IZFB 1} % SingleLinkedStack % #:fEd % Meta CodeSegment

__code pushSingleLinkedStack(struct SingleLinkedStack* stack,union Datax
data, __code next(...)) {
Element* element = new Element();
element->next = stack->top;
element->data = data;
stack—->top = element;
goto next(...);
b

__code popSingleLinkedStack(struct SingleLinkedStack* stack
union Datax* data, ...)) {
if (stack->top) {
data = stack->top->data;
stack->top = stack->top->next;
} else {

code next(

3 —_——

A XFHE % H W2 Continuation based C DREETFIE 35




14 |
15
16 |
17‘

BRERRZF R FBe AL X (B 1) 6% Agda lZ51F5 Continuation based C DFH

data = NULL;
}
goto next(data, ...);

3

RIZ Agda IZHBIFHEFEEZ Y AN 6.151Z/”"7, FPRIC pushSingleLinkedStack &
popSingleLinkedStack % &7 L T\ %, pushsinglelinkedstack Tl&, A X v 7 DA
EHEHILEZOBIZ) —< )L AN)LD CodeSegment THD n % exec LTWVWD, 1H,
liftMeta &/ =YWV L NVDFERZ XA Z LNV T HBBTH 5,

SRITME Z B9 5 53 1& where AJIZER I N2 push TH D, ZHiFAX Y Z
Atﬁﬁm# T%MiLm%ﬁ&bT BB BWFIEHT 7212 element ZAER L T top
ZHHLTWS, AKD CbC DEETRENF = v 7L TWRWA, HAETH L H
K%befmx&v&ﬂ%h?mét@ﬁ%ﬁﬁ@bﬁ%éo

{RIZ popSingleLinkedStack (Z{EHT 5, ZTH 6 HEMFERIC nextCS Nk z B g
i5’ﬁ0(b5

EERITEZID HTEEL ) —< VL NS T 72 ATE S element DIHDHEE &\
T2 ATER\ stack DEFHHTH 5,

element (ZDWTIE, top WZERSHLD L 2B DMEIZHEND T element | nothing
THb, top PETHRITNIL element I top DIEL 725,

MKkMW&%f@iiT%D top IZMEMHNIXZE D EIE TS, T I T, pop D

BAIAR Y I ETH>TH, fINERERLZ0ERLZD T I E2KITTESZ
t?f) 3B

DA b 6.15: Agda IZHT DR G A b ZHWA R Y 7 DER

[\

O Uk W

11
12

13
14
15
16
17
18
19

pushSinglelLinkedStack : Meta — Meta
pushSingleLinkedStack m = M.exec (liftMeta n) (record m {stack = (push s
e) b
where
n = Meta.nextCS m
s = Meta.stack m
e = Context.element (Meta.context m)
push : SlngleLlnkedStack A — Maybe A — SinglelLinkedStack A
push s nothing
push s (just x)

record {top = just (cons x (top s))}

popSinglelLinkedStack : Meta — Meta
popSinglelLinkedStack m = M.exec (liftMeta n) (record m {stack = (st m) ;
context = record con {element = (elem m)l}})
where
= Meta.nextCS m
con = Meta.context m
elem : Meta — Maybe A
elem record {stack = record { top
elem record {stack = record { top
st : Meta — SingleLinkedStack A

just x
othing

(just (cons x _)) }}
nothing 1}

s G,
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st record {stack
=S}

st record {stack
= nothing}

record { top = (just (cons _ s)) }} = record {top

record { top = nothing }} = record {top

pushSinglelLinkedStackCS : M.CodeSegment Meta Meta
pushSingleLinkedStackCS = M.cs pushSingleLinkedStack

popSinglelLinkedStackCS : M.CodeSegment Meta Meta
popSingleLinkedStackCS = M.cs popSinglelLinkedStack

7z, ZOFETHY EIF7z CbC & Agda OEIET 5V — 23— NIRRT 5,

6.8 AXvIZDOEEDWEE

7EF& U7z SingleLinkedStack (20 U TREIHZ {772 > TW<, T T TDREEMHIE SingleLinked-
Stack DMHEAEFEDWEZFH O L 2 RAETEHI L TH 5,
Bl 21X

o ARy ZIZTHMAZMEIFELD HiE 5
EIXEBRG Z LA TES

ARy I oEEZIRD T I ENTED

ARy 7o I EIZEAZIETH %

o ARV IMMOHMEERDH U6 FDMEIZELS 5
o AR Y JIMEEMATEOHT AR Y Z7ORNRITEDL SN

W% OWEND 5,
ZIZTl RBIDRUE [ARXy 212 BATIOHTE ARy ZJDONERITEDL S
W] ZE2IZOWTRLTWL, ZOWEL2BIRIZEETTEUTDOLS IR S,
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T 6.1 [TEDARY Z s 12X LT

o [EEDfHN
o fifl x Z LA push(x, s)
o fiZ—DAX Y ZHh S HTHIE pop(s)

N 5 IR,
pop . push(n) s =s
‘t“aé 50

Iz Agda ETEETDEV AL 6.16 DL D275, Agda EOEHETIIAZ Y 2
ZOEDTIFRL, AR Y 72 ELAEED Meta I L TZOMWERGAT S, ZOEH
D Meta DEIZ X ST KD I DZ &%, HARBDOIMEDRZ LA & FKIZEREE 2
TAEHAL TW L,

DA D 6.16: Agda IZBITE ARy 7 OWEDES (1)

pushOnce : Meta — Meta
pushOnce m = M.exec pushSinglelLinkedStackCS m

popOnce : Meta — Meta
popOnce m = M.exec popSingleLinkedStackCS m

push-pop-type : Meta — Setl
push-pop-type meta =
M.exec (M.csComp (M.cs popOnce) (M.cs pushOnce)) meta = meta

SHEFEHT A5&M4:0101E, AX Y V2 RIKTH S stack &, push ¥ pop 217725728
DIE%Z AN T 5 element TH B, TNETNDRFLHELMEEZGZEDT T L THEITVL,

o ARy INETHDLEG

— element DMFET 5 5H
EPFAET B728, push IXFETIND, push BETINZZOAX Y 7IZfE
570, pop DEIIT S, pop DRI UZFERA X 71322 L 7257207t
DAR Y 7 LJF—&72 DD LD,

— element 2MFEELRWES
EPFIEL R W2, push DIFETI N, push BETINRN 727280,
ARy ZIFHEOEFETHY., pop HBFETINR, FHERAXY Z7IFEOXET
HH, TDARY 72 —HT 5,
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o AR Y IMMETHRWIGE

— element DMFET 256
element (ZF%E S V724l n 2% push T, AX Y ZIZ—DEAEENSE, AKX Y
JDNHIZ n THE720, pop WEFTINT n W25, FR AXv o
IXETTHETDOREBIZE 5,

— element BMEIEL RV G E
element \ZAHWFE L R \W728, push IZETINHN, AR Y ZIXZETIER W
=&, pop WETI N, LHOMEIML s, FETHE ARy 7iE—2Ml%k
BoTWBZSH, ZHUIKD 727272\,

ARy ZIRZETHRL, push THRMEPMFHELRNE ZIZZOMWEIXE D S22 &3
I o7z, 72, element BETHRWHINZIEIZIMA S Z & TIDaREIZLD LD K
PR RN

push #/E& pop BMEZEAKL L TITR D L AR Y I DLITE L INE Z LT ah o7z,
Z Z T SingleLinkedStack &V H#ifHZ AT Meta HE LI NDE D2 F XD, —HIN
EHIFIZE D LD Z 5 72h3, push #/E L pop HAFIFERMERIZEITI NS CodeSegment
ZFio T35, Z0D CodeSegment |FERIZETE 5728, Meta NFBD DataSegement
NESIHMZONLAEEELDH L, Lo TINBHIFIMEL TIXEK D L7270,

W W ZIE, CodeSegment Z$5%E L CU £ XX Meta (2B L TH push/pop D&%
ZUBRNWZ L Z2RIAETE S, 2<EZZHE LA\ CodeSegment id Z & L 7ZBICIXH
W Z OMENEIT 2, FEBE. Agda ETHEALR2HRINIEET T, EHEDL S DHE
AT ZDFFHEEITS (VAN 6.17),

728, 40 SingleLinkedStack (ZFEE Z & AT E BfHIX Agda DIEHET 1 75 ) (Data.Nat)
ZHEITHHEARBI N & LTWb, push/pop BIEDE DM Meta IZRE E 5 2 70\ il
#E id-meta IZRNT WD, ZNIE Meta ZHENT 2 EHEZZITHLD . fikHEED Code-
Segment (ZMHZFRH id ZFELTW5, MA T, AR v 7 PR%ETENEF where 4] D
meta IZRNTWD, BT AXY 7 DIHHE top IZIXEXx BA->TE D, ZNLAEDMEIIT
BELTWS, doTAXy 730 DL EOEEZRSL, ETRVWE WSl E2 KLY
5, itHIZ rel IZX > THZAH6ND, DEVEZEI S HHIZHRUTEL Lo TW5B,

VAN 6.17: AgdaiZBF 2 ARy 7 DMEEDGEH (1)

id-meta : N — N — SingleLinkedStack N — Meta
id-meta n e s = record { context = record {n = n ; element = just e}
; nextCS = (N.cs id) ; stack = s}

push-pop-type : N - N — N — Element N — Setl

push-pop-type n e x s = M.exec (M.csComp {meta} (M.cs popOnce) (M.cs
pushOnce)) meta = meta
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where
meta = id-meta n e record {top = just (cons x (just s))}

push-pop : (n e x : N) — (s : Element N) — push-pop-type n e x s
push-pop n e x s = refl

11
12
13

Z 2 CHIRZE W AL, SingleLinkedStack DSEZED 5 FEIIZARE BB 72 Z & DSEEIHI&
HTIZaD o722 dH %, BlZIX, CbC @ SingleLinkedStack F£%&D push /pop #EEIL K
LU CHRII LU THIE SNz CodeSegment (ZEEEMEGET 5, ZOMEIZLD, IBES
7z CodeSegment 12 & > Tlk, AKX v 7 DEMEIZEEFR < Meta DD DataSegemnt
NEZHMIOSNBAREEDRH B Z B ahr o7z, ARy 7 DEEDBRIZ T b BB akk
BRI HIEZEBEZ oD, HIZIEX. ARy 72 TH BRI pop 1774 - 7RI
7 —HHAOMZITR D, LWVWoFEREFRETH D, FENELNIK, FROME
THIPHIFELRLZEDERE, ZOLIIT, HEIDHDZEYNIMI AT LTELRTE
X, HRINTOWIRWEERKFEOMLRRD AR ICHE S22 N TE S,

AEH U 72 %2 K D — 7R ERDOBRBEIZZIFT ARy 7 MEZ A, £ DR Ul
BAZy 7ozl T ARy ZI3EERIEZD 5\ WO RICIRRT 6, 2
OME% Agda TERTHLYADN 618D &S24 5, HAE n[E7Z1) push/pop 5
Z ik d 5729017 Agda EIZ n-push B & n-pop B ZEEL TW5H, TN T h
—ERER TR - - RICHRICE S 2O THIREKTH 5,

U 6.18: Agda 2B B ALKy 7 DHEDEE (2)

n-push : {m : Meta} {{_ : M.DataSegment Meta}} (n : N) — M.CodeSegment

Meta Meta
n-push {{mm}} (zero) M.cs {{mm}} {{mm}} id
n-push {m} {{mm}} (suc n) = M.cs {{mm}} {{mm}} (\m — M.exec {{mm}} {{mm

}} (n-push {m} {{mm}} n) (pushOnce m))
n-pop : {m : Meta} {{_ : M.DataSegment Meta}} (n : N) — M.CodeSegment

Meta Meta
n-pop {{mm}} (zero) M.cs {{mm}} {{mm}} id
n-pop {m} {{mm}} (suc n) = M.cs {{mm}} {{mm}} (\m — M.exec {{mm}} {{mm}}

(n-pop {m} {{mm}} n) (popOnce m))

pop—n-push-type : N —- N — N — SingleLinkedStack N — Setl
pop—n-push-type n cn ce s = M.exec (M.csComp {meta} (M.cs popOnce) (n-
push {meta} (suc n))) meta
= M.exec (n-push {meta} n) meta
where
meta = id-meta cn ce s

COMBEOIIHIZDLXEHTH S, R SLITRTEY AN 619D Xk SIZEFHHT
R

UZA D 6.19: Agda IZ81F DA Xy 7 DYEEDFE (2)
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1 |pop—n-push-type : N - N — N — SingleLinkedStack N — Setl

pop—n-push-type n cn ce s = M.exec (M.csComp (M.cs popOnce) (n-push (suc
n))) meta
= M.exec (n-push n) meta
where
meta = id-meta cn ce s

pop—n-push : (n cn ce : N) — (s : SingleLinkedStack N) — pop-n-push-
type n cn ce s
pop—n-push zero cn ce s = refl
pop—n-push (suc n) cn ce s = begin
M.exec (M.csComp (M.cs popOnce) (n-push (suc (suc n)))) (id-meta cn
ce s)
=( refl )
M.exec (M.csComp (M.cs popOnce) (M.csComp (n-push (suc n)) (M.cs
pushOnce))) (id-meta cn ce s)
=( exec-comp (M.cs popOnce) (M.csComp (n-push (suc n)) (M.cs pushOnce
)) (id-meta cn ce s)
M.exec (M.cs popOnce) (M.exec (M.csComp (n-push (suc n)) (M.cs
pushOnce)) (id-meta cn ce s))
=( cong (\x — M.exec (M.cs popOnce) x) (exec-comp (n-push (suc n)) (M.
cs pushOnce) (id-meta cn ce s)) )
M.exec (M.cs popOnce) (M.exec (n-push (suc n))(M.exec (M.cs pushOnce)
(id-meta cn ce s)))
=( refl )
M.exec (M.cs popOnce) (M.exec (n-push (suc n)) (id-meta cn ce (record
{top = just (cons ce (SingleLinkedStack.top s))})))
=( sym (exec-comp (M.cs popOnce) (n-push (suc n)) (id-meta cn ce (
record {top = just (cons ce (SingleLinkedStack.top s))}))) )
M.exec (M.csComp (M.cs popOnce) (n-push (suc n))) (id-meta cn ce (
record {top = just (cons ce (SingleLinkedStack.top s))}))
=( pop-n-push n cn ce (record {top = just (cons ce (SingleLinkedStack.
top s))}) )
M.exec (n-push n) (id-meta cn ce (record {top = just (cons ce (
SingleLinkedStack.top s))}))

=( refl )

M.exec (n-push n) (pushOnce (id-meta cn ce s))

=( refl )

M.exec (n-push n) (M.exec (M.cs pushOnce) (id-meta cn ce s))
=( refl )

¥iexec (n-push (suc n)) (id-meta cn ce s)

n-push-pop-type : N - N — N — SingleLinkedStack N — Setl
n-push-pop-type n cn ce st = M.exec (M.csComp (n-pop n) (n-push n)) meta
= meta
where
meta = id-meta cn ce st

n-push-pop : (n cn ce : N) — (s : SingleLinkedStack N) — n-push-pop-
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type n cn ce s
n-push-pop zero cn ce s = refl
n-push-pop (suc n) cn ce s = begin
M.exec (M.csComp (n-pop (suc n)) (n-push (suc n))) (id-meta cn ce s)
=( refl
M.<exec (I\Zl.csComp (M.cs (\m — M.exec (n-pop n) (popOnce m))) (n-push (
suc n))) (id-meta cn ce s)
=( exec-comp (M.cs (\m — M.exec (n-pop n) (popOnce m))) (n-push (suc n
)) (id-meta cn ce s) )
M.exec (M.cs (\m — M.exec (n-pop n) (popOnce m))) (M.exec (n-push (
suc n)) (id-meta cn ce s))
=( refl )
M.exec (n-pop n) (popOnce (M.exec (n-push (suc n)) (id-meta cn ce s)))
=( refl
M.<exec (r>1—pop n) (M.exec (M.cs popOnce) (M.exec (n-push (suc n)) (id-
meta cn ce s)))
=( cong (\x — M.exec (n-pop n) x) (sym (exec-comp (M.cs popOnce) (n-
push (suc n)) (id-meta cn ce s))) )
M.exec (n-pop n) (M.exec (M.csComp (M.cs popOnce) (n-push (suc n))) (id
-meta cn ce s))
=( cong (\x — M.exec (n-pop n) x) (pop-n-push n cn ce s) )
M.exec (n-pop n) (M.exec (n-push n) (id-meta cn ce s))
=( sym (exec-comp (n-pop n) (n-push n) (id-meta cn ce s)) )
M.exec (M.csComp (n-pop n) (n-push n)) (id-meta cn ce s)
=( n-push-pop n cn ce s
id-meta cn ce s

ZNEFEANTFD K S BRIEDFEIZ 78> T\ 5,

e n[Apush U782 nlEl pop UTHFARIZALS ] £\ 5 EH % n-push-pop & H <,

e n-push-pop IFHARE n LFFED Meta IZH L T exec (n-pop (suc n)) . (n-push (suc n))

MDD L THD

o RED Meta &%, push/pop FIEDEDMHKEAY DataSegment % 255 L 72\ Meta
TH5,

o 7z, flIBILD728IT csComp (2 &% CodeSegment DE K E —IHEHA T . £ H<
— HBIZIX exec (csComp f g) x L exec (f . g) x &2 5,
e n-push-pop % iEHHT % 72 DFili pop-n-push ZE&KT 5

e n-push-pop & (& n+1FE push LT 1[E pop 52 &iE, nlEpush§5Z & &%
LW ZWSHETH 5,
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e n-push-pop & exec (pop . n-push (suc n)) m = exec (n-push n) m & KH
TE %,

e n-push-pop ® n M zero DIRFFXEHITHK D LD,
e n-push-pop ® n M zero TRV (sucn TH L) IFATD LS IZFEHTE 5,

— exec (n-push (suc n)) m % X &£8X

— exec (pop . n-push (suc (suc n))) m = X

— n-push DEFH KD exec (pop . (n-push (suc n) . push)) m = X

— fi#iE exec-comp & Y exec (pop (exec (n-push (suc n) . push) m)) = X

— f#iiH exec-comp & U exec (pop (exec (n-push (suc n) (exec push m)))) = X
— —Epush UZ#EREZ n’ £B< & exec (pop (exec (n-push (suc n) m’))) = X
— n-push-pop &V exec (exec (n-push n m’)) = X

— push DEFE LD exec (exec (n-push n (exec push m))) = X

— n-push DEZR L D exec (exec (n-push (suc n) m) = X &4 3

- Z{FA—DHIZEETE7ZDO TR T

e {XIZ n-push-pop DAEIH%Z /RT,

e n—push-pop D n M zero DI, suc zero [MD push/pop HTHRDLNB 72D,
push-pop & D & Y 32D,

e n-push-pop ® n " zero THRWRHILANIZ L DIEHTE 5,

— exec ((n-pop (suc n)) . (n-push (suc n))) m = m ZRENITE,

— XIZHEH U7z n-pop DEFE L D exec (n-pop n) . pop . (n-push (suc n)) m = m
— exec-comp & ¥ exec (n-pop n) (exec pop (n-push (suc n)) m) = m

— exec-comp &£ ¥ exec (n-pop n) (exec pop (exec (n-push (suc n)) m)) = m

— exec-comp K Y exec (n-pop n) (exec pop . (n-push (suc n)) m) = m

— pop-n-push & Y exec (n-pop n) (exec (n-push n) m) = m

— n-push-pop £V m = m LR DMK T,

— 723, n-push-pop I& (suc n) 2% n [T B2, WEITFEIETEI 05
HEZ2HSOHIIZEH L TWa,
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push-pop % —f%ft U 7z n-push-pop %ZZERHT % Z & AT E 72, n-push-pop (ZFEH D&
rhCHfiRE pop-n-push & push-pop ZFIHLUZEHTHS, ZDLXDIZ, CbC Titik X
=705 L% Agda BICEIRT AT, T AMEOMEEZEHE UTIEHT 52 &
MTE, TN DML CbC DIV RS IRT VR L, ETIVF oy R
HARLZ L12& D CbC 1 CbC TR I Nz — RZFEHT 2 Z N TEL LS IT4
%, 2B, Kig XL THDHF > TWnbB Agda DY — A3 — NIIHRMED A _ED 72 12 BB
BEIMEAM L Tl L T\Wa, EfET 25% a7 a— FIENERIzfd,
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BTHE X

KX TIE A ZEHE %2 H W7z Continuation based C 7’17 Z A DMEETE%E DS
U7z,

—DRETNUREN LT T —FThH D, AXEFET 1 751 akasha & HWT GearsOS
DIEMIE R BARD AR 2 EZE L7z, ChC 2B RO EH T assert (IZJET AL L
TEHI N, REBOKZ BT IFRERSE meta 2]V ER LI L TEBTE, CbC T
LR I N IEMIERBEARD T 0 T T L ERBGEHICAET T2 Z 72 <, CbC HEY THGEL
72o WGETE 7-#iPHITEROBERZBOATH B M, BRETILVF v H CBMC LD EHK
SR HIPH &2 MGEEL 72,

ZODIXEHEEHMN AR T J a0 —F TH S, akasha % FH W72 MREE Tl ARIZIIE R D
BUZIREINT W, T—XEE L TNICE D02 ERZIATAZ 212k, A&
DOEEEEZR TR > TEMWEZRIET 5, HAMZFHAL T CbC ORIV AT LDEERE
770, MR 2 KD S 5E Agda E TRl 562 & T ChbC DAL EHZ L L7z, Agda
kTR I Nz CbC 7u T I LOWEZIEHT S LT, ChC PR TEHA LR
ffircEsZ e, fkFH%Z CbC I\ FITHAAL Z L TChC HEZFIHTE S Z &
Mah oz,

7z, MY AT LFEEHYAMNC S ERANICFIHTE 52 2 2030 h > 7z, akasha & W
THEE 2177 OB, 2T CodeSegment 12X U T stub 2 21—V EHRT HHENDH -
72o CbC DEIZEHRT DI LIZL D, stub OHBVEREEF = v 7T R A2 Z LN
nolz,

1 SROFE
SHROME L LT, B 2T LAOFMRMEEDOMBN A H 5, AL TIFHAEOELHE%Z
CbC (Z3#H U7z, CodeSegment [EBHEIFOH L% KETU DI R WHIRA®H 5 DT,
BB O EHAIZ K D FHIRTE2IETTH S, TOHIKIDITLIZE NG EMRRDRD
PEE R RBIRE I ICBLR D D 5,

F, BEUAEBY AT L% CbC 22X 7 DONEITHAAA, CodeSegment, &
DataSegment DM F = v 7 27825 X512 L720, MATH R EZMARLZ 212X

7

A XFHE % H W2 Continuation based C DMREETFIE 65



BRER KRB AL (B ) BTE Xed

D, stub DHEIERKATE S, I SIKGFRZIMANIX CbC T ChC HEZIEHTE 5
L2k 5,

ETFIVRENT 70 —FOREEL LTiE, FEHM%Z CbC a2/ FIZEE L, BIER
AW SEITCREBOIZREZTRI VAT LOMELREDNH 5,

Frz, MUATFLAOHERE U T3 ZR Y% CbCIZEATAZ 2 IToNnE, £
FHENX Java IZB BV 2V IZAR CH+ IZBIT5 Ty T — MIHEYS L, 2—NE
EBCELT—XEEORBBEN VM ET 5, fizd, CbC 2B 2 HH#fERPHEGwmARD 2
VORA TANDEERENPEITONG,
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AEHCHNUZEL D B 72 Agda DEMEST HY —Aa2— KZ2RT,

A-1 ERRLDEFE
DA A11IZ Agda ETEFE L7 CbC OEHIDEHE KT,

JA B Al Agda ETEZE L 72 CbC OIS EDEF (subtype.agda)

open import Level
open import Relation.Binary.PropositionalEquality

module subtype {1 : Level} (Context : Set 1) where

record DataSegment {11 : Level} (A : Set 11) : Set (1 U 11) where
field
get : Context — A
set : Context — A — Context
open DataSegment

data CodeSegment {11 12 : Level} (A : Set 11) (B : Set 12) : Set (1 U 11
L 12) where
cs : {{_ : DataSegment A}} {{_ : DataSegment B}} — (A — B) —
CodeSegment A B

goto : {11 12 : Level} {I : Set 11} {0 : Set 12} — CodeSegment I 0 — I
— 0
goto (cs b) i =b i

exec : {11 12 : Level} {I : Set 11} {0 : Set 12} {{_ : DataSegment I}} {{
_ : DataSegment 0}}
— CodeSegment I 0 — Context — Context
exec {1} {{i}} {{o}} (cs b) c = set o c (b (get i c))

comp : {con : Context} — {11 12 13 14 : Level}
{A : Set 11} {B : Set 12} {C : Set 13} {D : Set 14}
{{_ : DataSegment A}} {{_ : DataSegment B}} {{_ : DataSegment C}}
{{_ : DataSegment D}}
— (¢ —-D) - (A—-B) —A—D
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comg {con} {{i}} {{io}} {{oi}} {{o}} g f x = g (get oi (set io con (f x))

csComp : {con : Context} — {11 12 13 14 : Level}
{A : Set 11} {B : Set 12} {C : Set 13} {D : Set 14}
{{_ : DataSegment A}} {{_ : DataSegment B}} {{_ : DataSegment C
> {{_ : DataSegment D}}
— CodeSegment C D — CodeSegment A B — CodeSegment A D
csComp {con} {A} {B} {C} {D} {{da}} {{db}} {{dc}} {{dd}} (cs g) (cs £)
= cs {{da}} {{dd}} (comp {con} {{da}} {{db}} {{dc}} {{dd}} g £)

comp-associative : {A B CDEF : Set 1} {con : Context}
{{da : DataSegment A}} {{db : DataSegment B}} {{dc :
DataSegment C}}
{{dd : DataSegment D}} {{de : DataSegment E}} {{df :
DataSegment F}}
— (a : CodeSegment A B) (b : CodeSegment C D) (c :
CodeSegment E F)
— csComp {con} c¢ (csComp {con} b a) = csComp {con} (
csComp {con} c b) a
comp-associative (cs _) (cs _) (cs _) = refl

A-2 J—< )NV L R)VEEDOEST

6.3 HiTH D EIJ72Y—A3—F%2Y AN A21Z5RT, CbC DIA—FIZLVIEDITS
X912 A gda ED Data.Nat % Int & WO HKANIIEE L TW5B,

DA A2 ) =<)L AOVEHEBID 7470 — 23— K (atton-master-sample.agda)

module atton-master—-sample where

open import Data.Nat
open import Data.Unit
open import Function
Int = N

record Context : Set where
field
a : Int
b : Int
c : Int

open import subtype Context

record dsO : Set where
field
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a Int
b Int
record dsl : Set where
field
c : Int
instance

_ : DataSegment dsO
= record { set

; get

B’
: DataSegment dsl
record { set
; get

(\c d — record c {a =
(\¢ = record { a

(\¢ 4 — record c {c
(\¢c — record { ¢ =

cs2 : CodeSegment dsl dsl
cs2 = cs 1id

csl : CodeSegment dsl dsl
csl = cs (\d — goto cs2 d)

cs0 : CodeSegment ds0O dsl

(ds0.a d) ; b = (ds0.b d)})

(Context.a c) ; b = (Context.b

(dst.c d)})
(Context.c c)})}

csO = cs (\d — goto csl (record {c = (dsO.a d) + (dsO0.b d)}))

main : dsi
main = goto csO (record {a = 100 ; b = 50})

A-3 AR VUN)VEEDET

6.6 HiTHLY FIF/2Y —Aa—FK%2D A~ A3IZRT,

DA DN A3 ARVAVERBFIDOFES72Y — A T — N (atton-master-meta-sample.agda)

module atton-master-meta-sample where

open import Data.Nat
open import Data.Unit
open import Function
Int = N
record Context : Set where
field

a : Int

b : Int

c : Int

open import subtype Context as N

record Meta : Set where
field
context : Context
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c’ : Int
next : N.CodeSegment Context Context

open import subtype Meta as M

instance

_ : N.DataSegment Context
record { get id ; set = (\_ ¢c — ¢) }
M.DataSegment Context
record { get = (\m — Meta.context m) ;

set = (\m ¢ — record m {context = c}) }

: M.DataSegment Meta
record { get = id ; set = (\_m — m) }

liftContext : {X Y : Set} {{_ : N.DataSegment X}} {{_ : N.DataSegment Y}}
— N.CodeSegment X Y — N.CodeSegment Context Context
liftContext {{x}} {{y}} (N.cs f) = N.cs (\c — N.DataSegment.set y c (f (
N.DataSegment.get x c)))

liftMeta : {X Y : Set} {{_ : M.DataSegment X}} {{_ : M.DataSegment Y}}
— N.CodeSegment X Y — M.CodeSegment X Y
liftMeta (N.cs f) = M.cs f

gotoMeta : {I 0 : Set} {{_ : N.DataSegment I}} {{_ : N.DataSegment 0}}
— M.CodeSegment Meta Meta — N.CodeSegment I 0 — Meta — Meta
gotoMeta mCode code m = M.exec mCode (record m {next = (liftContext code)

b

push : M.CodeSegment Meta Meta
push = M.cs (\m — M.exec (liftMeta (Meta.next m)) (record m {c’ =
Context.c (Meta.context m)}))

record dsO : Set where

field
a : Int
b : Int
record dsl : Set where
field
c : Int
instance

_ : N.DataSegment dsO
= record { set (\¢c d — record c {a = (ds0.a d) ; b = (ds0.b d)})

; get (\¢ =& record { a = (Context.a c) ; b = (Context.b
B}

: N.DataSegment dsl
record { set = (\c d — record c {c = (dsi.c d)})
; get = (\¢c =& record { c = (Context.c c)})}

cs2 : N.CodeSegment dsl dsl
cs2 = N.cs id
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csl : N.CodeSegment dsl dsi
csl = N.cs (\d — N.goto cs2 d)

csO0 : N.CodeSegment dsO dsi
csO = N.cs (\d = N.goto csl (record {c = (dsO.a d) + (dsO.b d)}))

main : Meta

main = gotoMeta push csO (record {context = (record {a = 100 ; b = 50 ; c
=70}) ; ¢’ =0 ; next = (N.cs id)})

-- record {context = record {a = 100 ; b =50 ; ¢ = 150} ; ¢’ = 70 ; next
= (N.cs id)}

A-4 Agda %#H\ 7z Continuation based C DIRAE
6.7HiTHLY EIF2Y —A 2= RKELITFIZRT,

U A B A4 Agda ZH\W7z Continuation based C OMRGEE 2 — K (SingleLinkedStack.chc)

#include "../context.h"
#include "../origin_cs.h"
#include <stdio.h>

// typedef struct SingleLinkedStack {
// struct Element* top;
// } SingleLinkedStack;

Stack* createSingleLinkedStack(struct Context* context) {
struct Stack* stack = new Stack();
struct SingleLinkedStack* singleLinkedStack = new SingleLinkedStack()
stack->stack = (union Datax)singleLinkedStack;
singleLinkedStack->top = NULL;
stack->push = C_pushSinglelLinkedStack;
stack->pop C_popSinglelLinkedStack;
stack->pop2 = C_pop2SinglelinkedStack;
stack->get C_getSinglelLinkedStack;
stack->get2 = C_get2SinglelinkedStack;
stack->isEmpty = C_isEmptySingleLinkedStack;
stack->clear = C_clearSingleLinkedStack;
return stack;

}

void printStackl(union Datax data) {
struct Node* node = &data->Element.data->Node;
if (node == NULL) {
printf ("NULL") ;
} else {
printf("key = %d ,", node->key);
printStackl((union Datax)data->Element.next);
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void printStack(union Data* data) {
printStackl(data);
printf("\n");

__code clearSingleLinkedStack(struct SingleLinkedStack* stack,__code next

(..0) A
stack->top = NULL;
goto next(...);

) ——

3

__code pushSingleLinkedStack(struct SingleLinkedStack* stack,union Datax
data, __code next(...)) {
Element* element = new Element();
element->next = stack->top;
element->data = data;
stack->top = element;
goto next(...);

3

__code popSingleLinkedStack(struct SingleLinkedStack* stack
union Datax* data, ...)) {
if (stack->top) {
data = stack->top->data;
stack->top = stack->top—>next;

code next(

b —_—

} else {
data = NULL;
+
goto next(data, ...);

}

__code pop2SingleLinkedStack(struct SingleLinkedStack* stack
(union Data* data, union Data* datal, ...)) {
if (stack->top) {
data = stack->top->data;
stack->top = stack->top—>next;
} else {
data = NULL;
+

if (stack->top) {
datal = stack->top->data;
stack->top = stack->top—>next;

code next

b —_—

} else {
datal = NULL;
+
goto next(data, datal, ...);

__code getSingleLinkedStack(struct SingleLinkedStack* stack code next(

| J——
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union Datax* data, ...)) {
if (stack->top)
data = stack->top->data;
else
data = NULL;
goto next(data, ...);
}

__code get2SingleLinkedStack(struct SingleLinkedStack* stack
(union Data* data, union Datax datal, ...)) {
if (stack->top) {
data = stack->top->data;
if (stack->top->next) {
datal = stack->top—>next->data;
} else {
datal = NULL;
b

} else {
data = NULL;
datal = NULL;

code next

b _—

}
goto next(data, datal, ...);

3

__code isEmptySingleLinkedStack(struct SingleLinkedStack* stack
next(...), __code whenEmpty(...)) {
if (stack->top)
goto next(...);
else
goto whenEmpty(...);

code

b —_—

Y X~ A5 Agda % i\ 7z Continuation based C O#EE 3 — F (stack-subtype.agda)

open import Level hiding (1lift)

open import Data.Maybe

open import Data.Product

open import Data.Nat hiding (suc)
open import Function

module stack-subtype (A : Set) where
-- data definitions

data Element (a : Set) : Set where
cons : a — Maybe (Element a) — Element a

datum : {a : Set} — Element a — a
datum (cons a _) = a

next : {a : Set} — Element a — Maybe (Element a)
next (cons _ n) =n

record SingleLinkedStack (a : Set) : Set where
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field
top : Maybe (Element a)
open SinglelinkedStack

record Context : Set where
field
-- fields for concrete data segments
n : N
-- fields for stack
element : Maybe A

open import subtype Context as N

instance
ContextIsDataSegment : N.DataSegment Context
ContextIsDataSegment = record {get = (\c — ¢) ; set = (\_ ¢ — ¢)}

record Meta : Setl where
field
—-- context as set of data segments
context : Context
stack : SingleLinkedStack A
nextCS : N.CodeSegment Context Context

open import subtype Meta as M

instance
MetalncludeContext : M.DataSegment Context
MetaIncludeContext = record { get = Meta.context
; set = (\m ¢ — record m {context = c}) }
MetalsMetaDataSegment : M.DataSegment Meta
MetaIsMetaDataSegment = record { get = (\m — m) ; set = (\_m — m) }

liftMeta : {X Y : Set} {{_ : M.DataSegment X}} {{_ : M.DataSegment Y}}
— N.CodeSegment X Y — M.CodeSegment X Y
liftMeta (N.cs f) = M.cs f

liftContext : {X Y : Set} {{_ : N.DataSegment X}} {{_ : N.DataSegment Y}}
— N.CodeSegment X Y — N.CodeSegment Context Context
liftContext {{x}} {{y}} (N.cs f) = N.cs (\c — N.DataSegment.set y c (f (
N.DataSegment.get x c)))
—-- definition based from Gears(209:5708390a9d88) src/parallel_execution

emptySingleLinkedStack : SingleLinkedStack A
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emptySingleLinkedStack = record {top = nothing}

pushSingleLinkedStack : Meta — Meta

pushSingleLinkedStack m = M.exec (liftMeta n) (record m {stack = (push s

e) })

n = Meta.nextCS m
s = Meta.stack m
e = Context.element (Meta.context m)

push : SinglelLinkedStack A — Maybe A — SinglelLinkedStack A

push s nothing s

push s (just x)

popSingleLinkedStack : Meta — Meta

record {top = just (cons x (top s))}

popSingleLinkedStack m = M.exec (liftMeta n) (record m {stack = (st m) ;

context = record con {element = (elem m)1}})
where

n = Meta.nextCS m

con = Meta.context m

elem : Meta — Maybe A

elem record {stack = record { top

elem record {stack = record { top

st : Meta — SingleLinkedStack A

nothing

st record {stack = record { top = (just (cons _ s)) }}

= s}
st record {stack = record { top = nothing
= nothing}

pushSinglelLinkedStackCS : M.CodeSegment Meta Meta
pushSingleLinkedStackCS = M.cs pushSinglelLinkedStack

popSinglelLinkedStackCS : M.CodeSegment Meta Meta
popSingleLinkedStackCS = M.cs popSinglelLinkedStack

-- for sample

firstContext : Context
firstContext = record {element = nothing ; n = 0}

firstMeta : Meta

firstMeta = record { context = firstContext
; stack = emptySinglelLinkedStack
; nextCS = (N.cs (\m — m))
}

1}

(just (cons x _)) }}

I3s

just x
nothing

record {top

record {top

A XFHE % H W2 Continuation based C DREETFIE

80




0 O Uk W N

R e el
SO © 0O Uk W= O ©

N
—

22
23

24

25
26
27
28
29
30
31
32
33
34
35
36
37

38
39
40
41

42

BRER KRB AL (B ) A V—2Ra-F—-K

A-5 AR w7 DEZEZOWKREE
6.8 THY EIFY—ZAa—FK%Z ) AN A6IZRT,

DA N A6 A&y 7 DEEDMGEET — K (stack-subtype-sample.agda)

module stack-subtype-sample where

open import Level renaming (suc to S ; zero to 0)
open import Function

open import Data.Nat

open import Data.Maybe

open import Relation.Binary.PropositionalEquality

open import stack-subtype N
open import subtype Context as N
open import subtype Meta as M

record Num : Set where
field
num : N

instance
NumIsNormalDataSegment : N.DataSegment Num

NumIsNormalDataSegment = record { get = (\c¢c — record { num = Context.n

cH)

; set = (\¢c n — record ¢ {n = Num.num

n})}
NumIsMetaDataSegment : M.DataSegment Num

NumIsMetaDataSegment = record { get = (\m — record {num = Context.n (

Meta.context m)})
; set = (\m n — record m {context
record (Meta.context m) {n = Num.num n}})}

plus3 : Num — Num
plus3 record { num = n } = record {num = n + 3}

plus3CS : N.CodeSegment Num Num
plus3CS = N.cs plus3

plusbAndPushWithPlus3 : {mc : Meta} {{_ : N.DataSegment Num}}
— M.CodeSegment Num (Meta)

plus5AndPushWithPlus3 {mc} {{nn}} = M.cs (\n — record {context = con n ;

nextCS = (liftContext {{nn}} {{nn}} plus3CS) ; stack = st} )
where

co = Meta.context mc

con : Num — Context

con record { num = num } = N.DataSegment.set nn co record {num

+ 5}

st = Meta.stack mc
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push-sample : {{_ : N.DataSegment Num}} {{_ : M.DataSegment Num}} —
Meta
push-sample {{nd}} {{md}} = M.exec {{md}} (plus5AndPushWithPlus3 {mc} {{

nd}}) mc
where
con record { n = 4 ; element = just 0}

code = N.cs (\c — ¢)
mc = record {context = con ; stack = emptySingleLinkedStack ;
nextCS = code}

push-sample-equiv : push-sample = record { nextCS = liftContext plus3CS
; stack = record { top =
nothing}

; context = record { n = 9} }
push-sample-equiv = refl

pushed-sample : {m : Meta} {{_ : N.DataSegment Num}} {{_ : M.DataSegment
Num}} — Meta

pushed-sample {m} {{nd}} {{md}} = M.exec {{md}} (M.csComp {m} {{md}}
pushSingleLinkedStackCS (plus5AndPushWithPlus3 {mc} {{nd}})) mc

where

con = record { n = 4 ; element = just 0}

code = N.cs (\c — ¢)

mc = record {context = con ; stack = emptySingleLinkedStack ;

nextCS = code}

pushed-sample-equiv : {m : Meta} —
pushed-sample {m} = record { nextCS = liftContext
plus3CS
record {

; stack
top = just (cons O nothing) }

= 12} }

pushed-sample-equiv = refl

; context = record { n

pushNum : N.CodeSegment Context Context
pushNum = N.cs pn

where
pn : Context — Context
pn record { n = n } = record { n = pred n ; element = just n}

pushOnce : Meta — Meta
pushOnce m = M.exec pushSingleLinkedStackCS m
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n-push : {m : Meta} {{_ : M.DataSegment Meta}} (n : N) — M.CodeSegment

Meta Meta
n-push {{mm}} (zero) M.cs {{mm}} {{mm}} id
n-push {m} {{mm}} (suc n) = M.cs {{mm}} {{mm}} (\m — M.exec {{mm}} {{mm

}} (n-push {m} {{mm}} n) (pushOnce m))

popOnce : Meta — Meta
popOnce m = M.exec popSingleLinkedStackCS m

n-pop : {m : Meta} {{_ : M.DataSegment Meta}} (n : N) — M.CodeSegment

Meta Meta
n-pop {{mm}} (zero) M.cs {{mm}} {{mm}} id
n-pop {m} {{mm}} (suc n) = M.cs {{mm}} {{mm}} (\m — M.exec {{mm}} {{mm}}

(n-pop {m} {{mm}} n) (popOnce m))

initMeta : N — Maybe N — N.CodeSegment Context Context — Meta
initMeta n mn code = record { context = record { n = n ; element = mn}

; stack = emptySingleLinkedStack
; nextCS = code
}

n-push-cs-exec = M.exec (n-push {meta} 3) meta

where
meta = (initMeta 5 (just 9) pushNum)

n-push-cs-exec-equiv : n-push-cs-exec = record { nextCS = pushNum
; context = record {n = 2
; element = just 3}
; stack = record {top =
just (cons 4 (just (cons 5 (just (cons 9 nothing)))))}}
n-push-cs-exec-equiv = refl

n-pop-cs-exec = M.exec (n-pop {meta} 4) meta

where
meta = record { nextCS N.cs id
; context = record { n = 0 ; element = nothing}
; stack record {top = just (cons 9 (just (cons 8 (

just (cons 7 (just (cons % (just (cons 5 nothing)))))))))}
by

n-pop-cs-exec-equiv : n-pop-cs-exec = record { nextCS = N.cs id
; context = record { n =0
; element = just 6}

; stack = record { top

3

just (cons 5 nothing)}

n-pop-cs—exec—equiv = refl
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open =-Reasoning

id-meta : N — N — SingleLinkedStack N — Meta
id-meta n e s = record { context = record {n = n ; element = just e}
; nextCS = (N.cs id) ; stack = s}

exec-comp : (f g : M.CodeSegment Meta Meta) (m : Meta) — M.exec (M.
csComp {m} f g) m = M.exec £ (M.exec g m)
exec-comp (M.cs x) (M.cs _) m = refl

push-pop-type : N - N — N — Element N — Setl
push-pop-type n e x s = M.exec (M.csComp {meta} (M.cs popOnce) (M.cs
pushOnce)) meta = meta
where
meta = id-meta n e record {top = just (cons x (just s))}

push-pop : (n e x : N) — (s : Element N) — push-pop-type n e x s
push-pop n e x s = refl

pop—n-push-type : N - N — N — SingleLinkedStack N — Setl
pop—n-push-type n cn ce s = M.exec (M.csComp {meta} (M.cs popOnce) (n-
push {meta} (suc n))) meta
= M.exec (n-push {meta} n) meta
where
meta = id-meta cn ce s

pop—n-push : (n cn ce : N) — (s : SingleLinkedStack N) — pop-n-push-
type n cn ce s

pop—n-push zero cn ce s refl
pop—n-push (suc n) cn ce s = begin

M.exec (M.csComp {id-meta cn ce s} (M.cs popOnce) (n-push {id-meta cn
ce (record {top = just (cons ce (SingleLinkedStack.top s))})} (suc (
suc n)))) (id-meta cn ce s)

=( refl )

M.exec (M.csComp {id-meta cn ce s} (M.cs popOnce) (M.csComp {id-meta cn

ce s} (n-push {id-meta cn ce (record {top = just (cons ce (
SingleLinkedStack.top s))})} (suc n)) (M.cs pushOnce))) (id-meta cn ce
s)

=( exec-comp (M.cs popOnce) (M.csComp {id-meta cn ce s} (n-push {id-
meta cn ce (record {top = just (cons ce (SingleLinkedStack.top s))})}
(suc n)) (M.cs pushOnce)) (id-meta cn ce s) )

M.exec (M.cs popOnce) (M.exec (M.csComp {id-meta cn ce s} (n-push {id-
meta cn ce (record {top = just (cons ce (SingleLinkedStack.top s))})}
(suc n)) (M.cs pushOnce)) (id-meta cn ce s))

=( cong (\x — M.exec (M.cs popOnce) x) (exec-comp (n-push {id-meta cn
ce (record {top = just (cons ce (SingleLinkedStack.top s))})} (suc n))

(M.cs pushOnce) (id-meta cn ce s)) )
M.exec (M.cs popOnce) (M.exec (n-push {id-meta cn ce (record {top =
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just (cons ce (SingleLinkedStack.top s))})} (suc n))(M.exec (M.cs
pushOnce) (id-meta cn ce s)))

170 | =( refl )

171 | M.exec (M.cs popOnce) (M.exec (n-push {id-meta cn ce (record {top =
just (cons ce (SingleLinkedStack.top s))})} (suc n)) (id-meta cn ce (
record {top = just (cons ce (SingleLinkedStack.top s))})))

172 =( sym (exec-comp (M.cs popOnce) (n-push {id-meta cn ce (record {top
just (cons ce (SingleLinkedStack.top s))})} (suc n)) (id-meta cn ce
record {top = just (cons ce (SingleLinkedStack.top s))}))) )

173 | M.exec (M.csComp {id-meta cn ce s} (M.cs popOnce) (n-push {id-meta cn
ce (record {top = just (cons ce (SingleLinkedStack.top s))})} (suc n))
) (id-meta cn ce (record {top = just (cons ce (SingleLinkedStack.top s
))1))

1714 |  =( pop-n-push n cn ce (record {top = just (cons ce (SingleLinkedStack.
top s))}) )

175 | M.exec (n-push n) (id-meta cn ce (record {top = just (cons ce (
SingleLinkedStack.top s))}))

~

176 | =( refl )

177 | M.exec (n-push n) (pushOnce (id-meta cn ce s))

178 | =( refl )

179 | M.exec (n-push n) (M.exec (M.cs pushOnce) (id-meta cn ce s))
180 | =( refl )

181 | M.exec (n-push {id-meta cn ce s} (suc n)) (id-meta cn ce s)
182 [

183

184

185

186 |n-push-pop-type : N - N — N — SingleLinkedStack N — Setl

187 |n—push-pop-type n cn ce st = M.exec (M.csComp {meta} (n-pop {meta} n) (n-

push {meta} n)) meta = meta

188 where

189 meta = id-meta cn ce st

190

191 |n-push-pop : (n cn ce : N) — (s : SingleLinkedStack N) — n-push-pop-

type n cn ce s

192 |n-push-pop zero cn ce s = refl

193 |[n-push-pop (suc n) cn ce s = begin

194 | M.exec (M.csComp {id-meta cn ce s} (n-pop {id-meta cn ce s} (suc n)) (

n-push {id-meta cn ce s} (suc n))) (id-meta cn ce s)

195 | =( refl )

196 | M.exec (M.csComp {id-meta cn ce s} (M.cs (\m — M.exec (n-pop {id-

meta cn ce s} n) (popOnce m))) (n-push {id-meta cn ce s} (suc n))) (id

-meta cn ce s)

197 | =( exec-comp (M.cs (\m — M.exec (n-pop n) (popOnce m))) (n-push {id-

meta cn ce s} (suc n)) (id-meta cn ce s)

198 | M.exec (M.cs (\m — M.exec (n-pop {id-meta cn ce s} n) (popOnce m)))

(M.exec (n-push {id-meta cn ce s} (suc n)) (id-meta cn ce s))

199 | =( refl )

200 | M.exec (n-pop n) (popOnce (M.exec (n-push {id-meta cn ce s} (suc n)) (
id-meta cn ce s)))

201 | =( refl )

202 | M.exec (n-pop n) (M.exec (M.cs popOnce) (M.exec (n-push {id-meta cn ce
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s} (suc n)) (id-meta cn ce 8)))

=( cong (\x — M.exec (n-pop {id-meta cn ce s} n) x) (sym (exec-comp
(M.cs popOnce) (n-push {id-meta cn ce s} (suc n)) (id-meta cn ce s)))

M.exec (n-pop n) (M.exec (M.csComp {id-meta cn ce s} (M.cs popOnce) (n-
push {id-meta cn ce s} (suc n))) (id-meta cn ce s))

=( cong (\x — M.exec (n-pop {id-meta cn ce s} n) x) (pop-n-push n cn
ce s)

M.exec 2n—pop n) (M.exec (n-push n) (id-meta cn ce s))

=( sym (exec-comp (n-pop n) (n-push n) (id-meta cn ce s)) )

M.exec (M.csComp (n-pop n) (n-push n)) (id-meta cn ce s)

=( n-push-pop n cn ce s

id-meta cn ce s
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