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Agda DEZ record

AT U hHBWNIFEBER

record Env : Set where
field
varn : N
vari : N
open Env

B (X9 DIEDE A (intro)

record {varx = zero ; vary = suc zero} ]

record DIED 77717 X (elim)

(env : Env) - varx env ]
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loop(d » t DIEN CTHRIRIT D
BIRFEUH U (EEDRVLEEXS (C(FZELE UL TULWRVDTERNRE)

{-# TERMINATING #-}
whileLoop : {1 : Level} {t : Set 1} » Env » (Code : Env » t) » t
whileLoop env next with 1t @ (varn env)

whilelLoop env next | false = next env
whilelLoop env next | true = whileLoop (record {varn = (varn env) - 1 ; vari = (vari env) + 1}) next
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Normal Level

o Sk
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Gears Agda & Hoare Logic

C.A.R Hoare, R.W Floyd h'E%

e Pre Condition — Command — Post Condition

Gears Agda ([C KD Command D

{-# TERMINATING #-}

whileLoop : {1 : Level} {t : Set 1} » Env -» (Code :
whileLoop env next with 1t @ (varn env)

whileLoop env next | false = next env

whilelLoop env next | true = whileLoop (record {varn

Env > t) > t

(varn env) - 1 ; vari = (vari env) + 1}) next

o {-# TERMINATING #-}
e with X
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Gears Agda @ Pre Condition Post Condition

whileLoopSeg : {1 : Level} {t : Set 1} » {c1@ : N } » (env : Env) » (varn env + vari env = c10)
> (next : (el : Env )» varn el + vari el = cl10 » varn el < varn env - t)
> (exit : (el : Env )» vari el = cl1l0 » t) » t

o TerminatingZZ &t T D128 (CloopE 73 El
e varn env + vari env = c10 ' Pre Condition

e varn el + vari el = c10 ' Post Condition

e varn el < varn env > t 73*1%]]:75:'{%§E§_5§52’}\§U

CNIEARREIRD TEEBA%Z 5 X TPre Condition/)* 5 Post Conditionm BH T A3MNEBNH D
sERR(FME & U TRMDCodeGearlCEEND
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TerminatinglLoopS : {1 : Level} {t : Set 1} ( Index : Set )
> {Invraiant : Index » Set } » ( reduce : Index - N)
> (loop : (r : Index) - Invraiant r
> (next : (rl : Index) - Invraiant rl -» reduce rl < reduce r » t ) » t)
> (r : Index) » (p : Invraiant r) »> t

o Index(ELoopZE#N

o Invariant(&loopZZZXDARZEFZF

o loop(C#z#Ht 9 DCode Gearx 52D
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N&E—RXICEERR T S EMNTETLD

AR



;Bﬁo)loopﬂ)iﬁ -Jtl-

SIEBALTEWVEBZ L F DX D (S I D

whileTestSpecl @ x = tt

whileTestSpecl : (c10 : N) » (el : Env ) » vari el = c10 > T ]

loopZ TerminatingLoopS CH&ific U CIEFRECIR (CEEIT D

proofGearsTermS : {cl10 : N} - T

proofGearsTermS {c10} = whileTest' { } {_} {c10} (A n p » conversionl np (A nl1 pl >
TerminatinglLoopS Env (A env - varn env)(A n2 p2 loop » whilelLoopSeg {_} {_} {c10} n2 p2 loop
(A ne pe » whileTestSpecl c10 ne pe)) nl pl ))

e conversionl(dPre Condition ZPost Condition(C 2 I B
e whileLoopSeg
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CbCEMIITUTEEERZ T DI, StackZBA/RUTZERERZ I D

find key leaf st _ exit = exit leaf st

find key n st _ exit | triz -a b -c = exit n st
find key n@(node key, vl tree tree;) st next _ | tri< a =b -c
find key n@(node key, vl tree tree;) st next _ | tri> -a -b c

find : {n m : Level} {A : Set n} {t : Set m} » (key : N) -» (tree : b t A ) > List (bt A)
> (next : bt A » List (bt A) > t ) » (exit : bt A » List (bt A) >t ) -

find key (node key; vl tree treei) st next exit with <-cmp key key:

next tree (n :: st)
next tree; (n :: st)

B =X BnodeEX CTreezW D, Stack(CHEICTreeZfEaA TLILK
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Gears Agda [C KD BinaryTree (D3E3% replace node

B =X fenodeZ StackZ HHH UTR N S TreeZ BB I D

replace : {n m : Level} {A : Set n} {t : Set m}
> (key : N) » (value : A) » bt A » List (bt A)
> (next : N> A > bt A - List (bt A) » t )
> (exit : bt A> t) » t
replace key value repl [] next exit = exit repl -- can't happen
replace key value repl (leaf :: []) next exit = exit repl
replace key value repl (node keyi value; left right :: []) next exit with <-cmp key key,
... | tri< a =b =c = exit (node key; value; repl right )
| tri= -a b -c = exit (node key; value left right )
... | tri> -a -b ¢ = exit (node keyi value; left repl )
replace key value repl (leaf :: st) next exit = next key value repl st
replace key value repl (node keyi: value, left right :: st) next exit with <-cmp key key,
... | tri< a =-b =c = next key value (node keyi: value; repl right ) st
| tri= -a b -c = next key value (node key, value left right ) st
| tri> -a -b ¢ = next key value (node key, value; left repl ) st
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Tree Invariant
e Binary Tree N' Key DIERF(THD TS TL\D C & &K 9 Datat@is
Stack Invariant
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Tree Invariant

e Invariant £UL\D KD EBJEE/R Binary Tree EHRDESZER I H
o Hl#94J = DBinary Tree

data treeInvariant {n : Level} {A : Set n} : (tree : bt A) » Set n where
t-leaf : treelnvariant leaf
t-single : (key : N) » (value : A) » treelnvariant (node key value leaf leaf)
t-right : {key key; : N} - {value value; : A} » {t; t> : bt A} > (key < keyi)
> treelnvariant (node key; value; ti t3)
> treelnvariant (node key value leaf (node key, value; ti t,))
t-left : {key key: : N} » {value value;, : A} » {t1 t. : bt A} » (key < key:)
> treelnvariant (node key value t; t.)
> treelnvariant (node keyi value; (node key value t; t,) leaf )
t-node : {key key: key, : N} » {value value, value, : A}
> {t1 t2 t3 ts : bt A} » (key < keyi) - (keyi < key,)
> treelnvariant (node key value t; t>)
> treelnvariant (node key, value, t3 tj)
> treelnvariant (node keyi value; (node key value ti t,) (node key, value, ts ti))
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e Stack(C (I TreeZz WD IZfEFRENRD TULVD
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data stackInvariant {n : Level} {A : Set n} (key : N) : (top orig : bt A)

> (stack : List (bt A)) » Set n where
s-single : {tree@ : bt A} » stackInvariant key tree@ tree0® (treeo : [])

s-right : {tree tree@ tree; : bt A} » {keys : N } » {vl : A } » {st : List (bt A)}
> key: < key - stackInvariant key (node key: vl tree; tree) tree@ st
> stackInvariant key tree tree@ (tree :: st)

s-left : {tree;, tree@ tree : bt A} » {keys : N} »> {vl : A } » {st : List (bt A)}
> key < key, - stackInvariant key (node keyi vl tree, tree) tree@ st
-» stackInvariant key tree; tree@ (tree; :: st)
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Replace Tree

o RKODYFEDnode N EUKESRZ SN TLNDH

data replacedTree {n : Level} {A : Set n} (key : N) (value : A) : (before after

r-leaf : replacedTree key value leaf (node key value leaf leaf)
r-node : {value; : A} » {t t1 : bt A}
> replacedTree key value (node key value; t ti) (node key value t ti)
r-right : {k : N } {vl : A} > {t t1 t2 : bt A}
» k < key » replacedTree key value t2 t
> replacedTree key value (node k vl t1 t2) (node k vl t1 t)
r-left : {k : N } {vl : A} »> {t t1 t2 : bt A}
» key < k » replacedTree key value t1 t
> replacedTree key value (node k vl tl1 t2) (node k vl t t2)

: bt A) » Set n where
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find @ Hoare Condition

findPC (& treelnvariant Z D/'D T stacklnvariant Z4ER% 9 D
F1IEEZEI T AAROESDAEZFRBIIHT B

-

-» treelnvariant tree A stackInvariant key tree tree@ stack
> (next : (treel : bt A) » (stack : List (bt A))
-» treelnvariant treel A stackInvariant key treel tree@ stack
> bt-depth treel < bt-depth tree - t )
> (exit : (treel : bt A) » (stack : List (bt A))
-» treelnvariant treel A stackInvariant key treel tree@ stack
> (treel = leaf ) V ( node-key treel = just key ) >t ) » t

findP : {n m : Level} {A : Set n} {t : Set m} » (key : N) » (tree treed® : bt A ) » (stack :

List (bt A))
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Hoare ConditionZ HL5R O] BE/RER DI NV D Drecord CIEEE I D
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Code Gear (Cfk§5t10 30D KD (C Data GearlC Bilkfe D

record findPR {n : Level} {A : Set n} (key : N) (tree
(C : N> bt A-> List (bt A) » Set n) : Set n where
field

tree@ : bt A

ti® : treelnvariant treeo@

ti : treelnvariant tree

si : stackInvariant key tree tree@ stack

ci : C key tree stack -- data continuation

: bt A ) (stack :

List (bt A))
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Y5829 (Erecord findPC CTEZEZ I D
YisRER D DHEER (drecord findExt TEEHR I D

~

record findPC {n : Level} {A : Set n} (value : A) (keyl : N) (tree : bt A ) (stack : List (bt A)) : Set n where

field
treel : bt A
ci : replacedTree keyl value treel tree

record findExt {n : Level} {A : Set n} (key : N) (C : N » bt A » List (bt A) » Set n) : Set (Level.suc n) where

field
cl : {key: : N} {tree tree; : bt A } {st : List (bt A)} {v1 : A}
-» findPR key (node key, vl tree treei) st C » key < key:s - C key tree (tree :: st)
c2 : {keys : N} {tree treeis : bt A } {st : List (bt A)} {v1l : A}
-» findPR key (node key, vl tree treei) st C » key > keys - C key tree; (tree; :: st)




replade Node @ Invariant

repraceTree (FEZHLX D XS nodeNEITRFICIREF DD TREZ LA CInvariant(CTR D

child-replaced key leaf = leaf
child-replaced key (node key. value left right) with <-cmp key key,
... | tri< a =ab -c = left

| tri= -a b -c = node key, value left right

| tri> -a =b ¢ = right

field
tree@ : bt A
ti : treelnvariant tree@
si : stackInvariant key tree tree@ stack
ri : replacedTree key value (child-replaced key tree ) repl
ci : C tree repl stack -- data continuation

child-replaced : {n : Level} {A : Set n} (key : N) (tree : bt A) » bt A

record replacePR {n : Level} {A : Set n} (key : N) (value : A) (tree repl : bt A )
(stack : List (bt A)) (C : bt A > bt A > List (bt A) » Set n) : Set n where
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insertTreeSpecONMI AR

conteinsTreeDMtest 11— RO DEEERICIR D TULD

sEBAMDEEAM (30— RDHoara condition MEEEAIC A D TULVD

insertTreeSpecd : {n : Level} {A : Set n} » (tree : bt A) » (value : A)
-» top-value tree = just value - T
insertTreeSpeco = = = tt

containsTree : {n : Level} {A : Set n} » (tree treel : bt A) » (key : N) -» (value : A)
-» treelInvariant treel -» replacedTree key value treel tree - T
containsTree {n} {A} tree treel key value P RT =
TerminatinglLoopS (bt A A List (bt A) )
{A p » findPR key (projl p) (proj2 p) (findPC value ) } (A p » bt-depth (projl p))
( tree , tree :: [] ) ?

$ A p P loop » findPPC1 key value (projl p) (proj2 p) P (At s P1 1t » loop ( t , s ) P1 1t )
$ At

1 s1 P2 found? » insertTreeSpec® tl1 value (lemma6 tl sl found? P2)
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Replace Tree BRI Tree (CAFTEDIEN A D TLND Z EZ/R I Datat@Bis (C/TRD TULVD

CN7ZHoare5fF & UTHRBEEH <K T EICK D, Binary TreeDsFM(CIZBE A S I AN AD T
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